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GENERAL DESCRIPTION OF THE WORK

Thermodynamics, an empirical science developed in the 19th century by Carnot, Clausius, and
Kelvin, describes energy and matter transformations in quasi-equilibrium macroscopic systems, in-
troducing key concepts such as entropy and irreversibility [1-3]. Thermodynamic systems consist
of microscopic components governed by quantum or classical dynamics, necessitating the founda-
tions of phenomenological thermodynamics to be based on statistical mechanics. This field bridges
macro and micro descriptions and addresses non-equilibrium phenomena in physics [4-8].

The Gibbs distribution is central to equilibrium statistical mechanics, linking the probability of
system states in phase space to its Hamiltonian, with thermodynamic quantities derived as averages
over this distribution.

This thesis explores the influence of external static magnetic fields, which do not affect classical
systems in thermodynamic equilibrium. The magnetic field’s inherent connection to rotations is
evident in classical electrodynamics, where it acts as a pseudo-vector similar to angular momentum
[9]. Thus, the second aim of this thesis is to identify open problems in the statistical mechanics of
rotating systems and investigate non-equilibrium relaxation of angular momentum.

In equilibrium classical statistical mechanics, static magnetic fields have no effects as they do
not perform work or appear in the system’s energy expression, resulting in an equilibrium distri-
bution independent of magnetic fields [10]. This insight, known as the Bohr-van Leeuwen theo-
rem, underscores the necessity of quantum mechanics to explain magnetism [2, 11, 12]. However,
magnetic field effects can be considered within classical mechanics by relaxing the assumption of
equilibrium [13,14].

Non-equilibrium systems are widespread, evident in living organisms, fluid flows, and chem-
ical reactions, among other phenomena [15-17]. Although equilibrium states are rare in nature,
quasi-equilibrium concepts such as Langevin and Fokker-Planck equations are useful for studying
non-equilibrium systems [4,6]. These equations uphold fluctuation and fluctuation-dissipation the-
orems (FDT), linking equilibrium and non-equilibrium thermodynamics [18]. The FDT connects
equilibrium fluctuations with the system’s response to small external perturbations, exemplified by
the Einstein relation for the diffusion coefficient [18].

Statistical mechanics problems often consider a large system divided into a smaller subsystem
of interest (the “system”) and a larger quasi-equilibrium subsystem (the “thermostat” or “bath”)
[2]. The system interacts with the thermostat, exchanging energy, particles, linear momentum, and
angular momentum. Non-equilibrium can arise either from the system’s perturbation and relaxation
or from the thermostat’s non-equilibrium state, leading to non-equilibrium steady states (NESS) [4,
18]. NESS generalizes equilibrium states, lacking time-reversal symmetry and supporting persistent
currents.

Inrecent years, studying the processes within living cells has garnered significant attention due
to its fundamental importance in understanding biological functions and behaviors [19] . The main
motivation of our work is to understand the function of ATPase, a group of enzymes responsible for
generating ATP molecules, the energy currency of the cell Even the tiniest change in the function
of ATPase can significantly impact the growth and function of the entire organism. Rotation plays
a pivotal role in the function of ATPase [20-22] : the flow of protons drives the rotation of the
central stalk, which subsequently induces conformational changes in the catalytic part, thereby fa-
cilitating ATP synthesis (Figure 1). However, in such a microscopic system, rotation does not occur
in a purely mechanical sense but rather should be understood through the principles of statistical
mechanics [23].

We develop advanced tools and extend the principles of non-equilibrium statistical mechanics to
study rotating systems out of equilibrium [13, 14, 23]. Our research not only enhances the under-



Figure 1: (left) Schematic models of the F-ATPase. The membrane extrinsic (Fi) sector, catalytic
hexamers (a333), stalk, and membrane domain (F0) are shown. Red arrows represent the direction
of the chemical reaction, subunit rotation (C, y, e), and proton transport in physiological conditions.
(right) The rotation of ATPase is analogous to that of a watermill. For ATPase, rotation is driven
by the flow of protons along the electrostatic potential gradient across a membrane, whereas a wa-
termill rotates due to water flowing along a gravitational potential gradient. Unlike the macroscopic
watermill, ATPase operates on a microscopic scale, and its rotational dynamics are best understood
within the framework of statistical mechanics. This molecular turbine effectively converts the energy
from the proton gradient into the chemical energy of ATP, mirroring how a watermill transforms the
energy of falling water into mechanical work.

standing of biological systems but also has potential applications in other fields beyond biology
(plasma physics, astrophysics, turbulence and classical mechanics).

This thesis explores three physical systems connected to a non-equilibrium thermostat [13,14,
23], emphasizing rotational motion and angular momentum. Magnetic fields can impact non-
equilibrium systems, creating rotating NESS for charged particles and inducing NESS in ther-
mostats based on their non-equilibrium traits [13,14]. Furthermore, non-equilibrium states with
kinetic origins unveil unique stochastic dynamics of angular momentum [23].

We investigate the effects of weak magnetic fields on living organisms, addressing the credibility
and reproducibility of experimental reports [24-27]. The physical mechanisms underlying these
effects in molecular biology remain unclear [28-30]. We propose a mechanism for the influence
of weak magnetic fields on the stochastic motion of ions, crucial in biological processes [9,31],
showing that ions acquire non-zero average angular momentum when equilibrium is disrupted by
active processes.

Further, we revisit the Bohr-van Leeuwen theorem by examining a classical charged Brownian
particle interacting with an equilibrium thermal bath. Although the particle does not “feel” the
magnetic field per the theorem, its interaction with the bath induces non-equilibrium states in the
bath. Using the Caldeira-Leggett model, we show that a magnetic field induces long-term changes
in the bath, leading to average angular momentum in uncharged bath oscillators [8,11,32-34].

Our final investigation examines the persistence of rotation in systems where the confining po-
tential is not perfectly symmetrical, leading to the decay of angular momentum. We extend the ques-
tion of integrals of motion under weak perturbations [35,36], deriving a coarse-grained stochastic
differential equation describing the decay of angular momentum. Our results align with numerical
simulations, enhancing the understanding of integrals of motion in weakly perturbed systems.

Relevance of the research topic

The research topic presented in the thesis, focusing on the non-equilibrium statistical mechanics of
rotating systems, is of significant relevance for several reasons:



Biological Implications of Magnetic Fields. The study of weak magnetic fields’ effects on
biological systems is crucial for understanding magnetobiology and its implications for cellular
processes and medical applications [13, 24].

Advancement in Non-Equilibrium Physics. This research contributes significantly to non-
equilibrium physics by exploring systems far from equilibrium and elucidating the role of
fluctuation-dissipation theorems, bridging the gap between macroscopic and microscopic de-
scriptions [4, 14, 18].

Conservation Laws. Understanding the behavior of conserved quantities, such as angular mo-

mentum, in systems with weakly violated symmetries is vital for refining our understanding of
symmetry and conservation laws in physical systems [13, 14, 35,36].

Practical Applications. The practical applications of this research range from biomedical di-
agnostics and therapeutics to nanoscale device design, industrial process optimization, and ad-
vancements in aerospace engineering and robotics [13, 14, 16].

Future Research Directions. Future research directions include determining the adiabatic in-
variant in rotating systems, refining the Caldeira-Leggett model to incorporate the Generalized
Gibbs distribution, and exploring fluctuation-dissipation relations in active matter systems, of-
fering new theoretical insights and practical advancements in various scientific and engineering
disciplines.

In summary, this research addresses fundamental questions in statistical mechanics and thermody-
namics, offering new insights into non-equilibrium phenomena and the effects of magnetic fields.
The implications span from biological systems to advanced technologies, making this an essential
area of study for both theoretical and applied physics.

The aims of the thesis

Equilibrium vs. Non-Equilibrium: This thesis explores the complex dynamics of non-
equilibrium systems influenced by external perturbations, bridging the gap between equilibrium
and non-equilibrium statistical mechanics using tools like the Langevin and Fokker-Planck equa-
tions [4, 6].

Magnetic Field Effects and Magnetobiology: Investigating the influence of weak magnetic
fields on non-equilibrium biological systems, this research proposes a mechanism where ions
accumulate angular momentum, potentially altering protein functions and explaining observed
magnetic field effects in biology [13,24].

Angular Momentum and Conservation Laws: Focusing on the dissipation of angular mo-
mentum in nearly symmetric systems, this thesis derives a stochastic differential equation for its
behavior, extending the Caldeira-Leggett model to provide a microscopic foundation for macro-
scopic observations in rotating systems [22,23].

Scientific novelty.

The scientific novelty of this thesis lies in its significant contributions to the field of non-equilibrium
statistical mechanics, particularly in the context of magnetobiology and rotating systems. Here are
the key points of novelty:

Explaining the effects of weak magnetic fields on biological systems: This research proposes
a new mechanism for weak magnetic fields influencing ion motion in biological systems, po-
tentially altering protein function. This mechanism addresses the gap in understanding magne-
tobiological effects, often overshadowed by thermal fluctuations, thereby advancing the field of
magnetobiology [13,27].



* Long-term impact of magnetic fields on thermostats: By extending the Caldeira-Leggett
model to include the effects of an external magnetic field, this study demonstrates that magnetic
fields induce a non-equilibrium steady state in the bath oscillators, challenging the traditional
view that magnetic fields have no effect on equilibrium states [14,32-34].

Stochastic dynamics of angular momentum in weakly rotationally symmetric systems: In-
troducing a novel stochastic differential equation to describe the decay of angular momentum
in systems with weakly violated rotational symmetries, this research provides new insights into
the persistence and dissipation of angular momentum, validated through numerical simulations
[23,35,36].

Overall, these findings push the boundaries of our understanding in non-equilibrium statistical me-
chanics, with implications across diverse fields from biophysics to materials science.

Practical and theoretical significance.

The research presented in this thesis holds significant theoretical and practical importance. Theo-
retically, it advances our understanding of non-equilibrium statistical mechanics, especially in the
context of rotational systems and the effects of magnetic fields. By challenging the constraints of
the Bohr-van Leeuwen theorem, the work opens new avenues for exploring how classical systems
can exhibit magnetism when driven out of equilibrium [13, 14, 23]. Practically, the findings have
profound implications for fields such as magnetobiology, where the observed non-equilibrium rota-
tion of ions under weak magnetic fields offers a plausible mechanism for altering protein functions,
potentially explaining many experimentally observed yet poorly understood phenomena in living
organisms [24,27]. Additionally, the insights gained into the behavior of thermostats and the con-
servation of angular momentum in nearly symmetric systems could influence the design and anal-
ysis of molecular machines and other technologies reliant on rotational dynamics [22]. Thus, this
research not only bridges fundamental gaps in our understanding of thermodynamics and statistical
mechanics but also provides a basis for future technological innovations.

Approbation of the work.

The results of the thesis were reported at the conferences “4-th MATINYAN Seminar” (Yerevan,
2022), ”5-th MATINYAN Seminar” (Yerevan, 2023) and have been discussed at the seminars of
the Alikhanian National Science Laboratory.

Publications.
Three papers are published on the topic of the thesis [13, 14, 23].

Structure of the thesis.
The thesis consists of an introduction, three additional Chapters, a conclusion and a list of refer-
ences. It contains 130 pages, including 16 figures.



CONTENT OF THE THESIS

Introduction

We reviewed the scientific literature related to the topic of the thesis. We established a high-level
overview of the research and provided the general aims of the study. Moreover, scientific signifi-
cance, novelty and practical value are also established. Short overview is provided for widely used
topics in the thesis, such as Langevin and Fokker-Planck equations, Bohr-van Leeuwen theorem and
Caldeira-Leggett model. The thesis is organized into chapters and they can be read independently.

Chapter 1

§1.1: Introduction

The introduction discusses the controversial effects of weak, static magnetic fields on biological sys-
tems, often supported by irreproducible experiments [25-27]. Significant effects of weak diamag-
netism in biological systems occur only at high magnetic fields (~ 20 T). Though theories suggest
weak fields could influence ion motion [9], the minimal theoretical impact is due to the large dispar-
ity between friction-induced relaxation time (less than 1077 5) and the magnetic timescale (greater
than 1073 5) [28,30]. This study proposes mechanisms for weak magnetic fields to influence ion
motion by including cellular white noise, sustaining cyclotron motion, and affecting cation-driven
protein processes [37], bypassing the Bohr-van Leeuwen theorem. It also explores stochastic tra-
jectories and autocorrelation functions, examining overdamped and underdamped regimes with the
thermal bath’s memory effects.

§1.2: The Model

This section examines the Langevin equation for ions in external potentials generated by membranes
or proteins, disregarding electrostatic interactions between ions to focus on thermal bath interactions
and external forces [9]. The Langevin equation, normalized by mass m, incorporates terms for
friction with memory, potential gradient forces, Lorentz force from an external magnetic field B,
an equilibrium thermal noise n(z), and a non-equilibrium noise & (r) from fluctuating potentials
[6,38,39]:

Q

t
p(r) = —y[ ar' ke <=l (1) - VLV () + ZvxB %n(r) + %g(r), (1)
0

The Gaussian noises 7(¢) and & (¢) have defined properties, with 7(¢) adhering to the fluctuation-
dissipation relation (FDR): it has autocorrelation (Ui(f)ﬂj (t’)) =6;;q (6/2)exp (—«|r —t']) with
intensity ¢ = 2mykpgT, ensuring noise correlation and friction memory share the same exponential
decay [38,39].

Estimates of model parameters are given, which help to elucidate the physical behavior of the
ions in these conditions.

§1.3: Diamagnetism in Harmonic Potential
This section discusses the transition from the Langevin equation (1) to the Fokker-Planck (FP)
equation to determine the stationary regime for a particle, where the probability density of ion
motion becomes time-independent [6,39]. In the context of a confining harmonic potential, this
stationary state is achieved swiftly, within approximately 10~ seconds. For a magnetic field along
the z-axis (B = e, b), we get the key result
qdw
(Ly=-b—3—. @)
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Figure 2: Random trajectories in the (X, y) plane. The darker (brighter) points refer to recent

(earlier) times, total trajectory time is t, ot =s/(x2) =T1/(y2). (a) underdamped due to memory:
b=1y =100,k =10, =90, T =30, (b) moderately damped: b =1,y =100, k =10, "0 =
10, T = 30, (c) underdamped due to strong potential confinement: b =1, y =100, k = 1000, "o =
1000, T = 3, and (d) overdamped: b =1,y =100, k = 1000, » g= 20, T = 30.

together with expressions form (v2-+ Vy) and (x2 + y2). These results indicate a diamagnetic

response, where (L)/B < 0. The magnetic momentis givenbyM ¢ =- " ~ (222B. Comparison
with quantum diamagnetic and paramagnetic moments indicates that while M c is smaller than the
electronic diamagnetic moment of water, it may exceed the spin paramagnetic moment at the same
temperature [12].

81.4: Autocorrelation, Characteristic Times, and Numerical Results
In this section, the stochastic motion of an ion in a harmonic potential with a magnetic field is
studied using the complex coordinate f = x + iy, where rotations in the xy plane are described
by the phase of f. The autocorrelation function (£(/y)f *(t2)) is derived, showing that the ion’s
motion can be distinguished between underdamped (rotational) and overdamped regimes based on
the roots of the characteristic equation.

Numerical solutions using the Euler-Maruyama method [39] are presented, showing the influ-



ence of parameters such as «, y, and wq on the ion’s trajectory. Various regimes are visualized:
underdamped due to memory (Figure 2 (a)), moderately damped (Figure 2 (b)), underdamped due
to strong potential confinement (Figure 2 (c) ), and overdamped (Figure 2 (d)). The spread of the
angle variable (furns) [Ot Q(s) ds is used to visualize these different behaviors across figures.

§1.5: Summary

In this section, the chapter is summarized. Future research directions include the study of stochastic
cyclotron motion fluctuations, the metastability of nonequilibrium states, resonance phenomena
under time-dependent fields, electrostatic interactions between ions, and potential applications to
active matter and ion channels, especially in the context of COVID-19 related research [9, 28,29].

Chapter 2

§2.1: Introduction

The introduction introduces the concept and sets the stage for a detailed exploration of how a static
magnetic field can influence the random motion of particles in a fluid, a phenomenon that is central
to understanding various biological and physical processes.

According to Bohr-van Leeuwen (BvL) theorem, charged classical particles do not experience
magnetic fields in equilibrium, implying that equilibrium magnetic influences should be explained
by quantum mechanics [2, 10,40]. This theorem precludes equilibrium classical magnetism, which
has potential applications in fields such as plasma physics and biophysics, where magnetic fields
influence systems like fusion research, charged colloidal liquids, and biological processes involving
metal ions (Nat, K*, Ca2+) crucial for molecular biology [9,25,27,28,31]. Biophysical responses
to static magnetic fields might be looked for in the quantum domain, however, it is not likely that all
biophysical influences of magnetic fields can be accounted for by quantum models [28]. Classical
effects of a static magnetic field on the Brownian motion of a charged particle, described by the
Langevin equation, are investigated using the Caldeira-Leggett model [8, 11,32-34]. The study
reveals that the magnetic field induces long-term changes in the bath state, such as a sizable average
angular momentum in bath oscillators, distinct from linear momentum and energy behaviors [8,41].
This analysis extends to understanding the behavior of angular momentum, linear momentum, and
energy at the system-bath interface, emphasizing that while the bath can store angular momentum
long-term, linear momentum is eventually dissipated from its observables.

§2.2: The Model
This section presents the Caldeira-Leggett model, which we use to describing the motion of ions
in external potentials within a biological context [8, 11,32-34]. We consider a classical particle
with position vector R, unit charge, and unit mass interacting with a magnetic field B. Subject to a
rotation-symmetric harmonic potential, the particle’s Lagrangian is

rs=tpto lw%R2 +ARR, 3)

2 2

where vector potential A(R) generates a static, homogeneous magnetic field B = curl A. The
particle couples to a bath of N harmonic oscillators with coordinates r, masses my, frequencies
wy. The potential energy of the particle-bath interaction is assumed to be bilinear with coupling
constants cg. Thus, the bath+interaction Lagrangian reads

2
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And the full Lagrangian is £ = £ + Lp. Due to rotational symmetry around the axis of uniform
B, there is a modified angular momentum conservation.

Solving the Euler-Lagrange equations, we derive a Langevin equation for the particle, incorpo-
rating a friction kernel £ (¢) and noise £(¢) due to the bath’s random initial state. Given the initial
Gibbsian density of the bath and the arbitrary initial density of the particle, a fluctuation-dissipation
relation (£, (1)ép(1')) =T6 4,5 (r —t') holds.

In the thermodynamic limit with N — oo, and under a dense frequency limit 6« — 0 and weak
coupling ¢;; — 0, an Ohmic friction and white noise are reproduced in the Langevin equation by

the specific choice w, = dwn and ¢, = 1/27w%mn6w/n,

§2.3: The Bohr-van Leeuwen theorem
This section discusses the Bohr-van Leeuwen theorem, which states that in classical mechanics,
static magnetic fields have no effect on the net magnetization of electrons in thermal equilib-
rium [2, 10,40]. The theorem highlights the necessity of quantum mechanics to explain magnetic
phenomena, as classical physics cannot account for magnetism. It also mentions that the theorem
does not apply to non-equilibrium steady states, allowing for magnetization in classical mechanics
under certain conditions [13].

The fluctuation-dissipation relation ensures that the particle’s state, governed by the Langevin
equation, relaxes to a Gibbsian density [8, 11,32-34]. This steady-state density is proportional to

exp (—%(V2 + w%R2)/T) and notably does not include the magnetic field B. Consequently, the

average angular momentum calculated with respect to steady-state distribution is zero, illustrating
the Bohr-van Leeuwen theorem for Brownian motion. This exclusion of the magnetic field B from
the equilibrium density applies to any confining potential [10,40].

§2.4: Angular momentum of bath modes

This section discusses the angular momentum of bath modes, which are the collective motions of
particles in a fluid that act as a thermal bath. Writing position R = (X, Y, Z), se start from a initial
distribution with the following moments:

<X2> - <Y2> = ox T/h, <V§> - <Vy2> oy T, (5)

where ox = oy = 1 refers to the equilibrium second moments of the initial state.
The long-time average angular momentum L(w) (the component along the magnetic field B)
of a bath oscillator with frequency w = wy evaluates to

Lo — o0y BT (@ =) (1= av)e? + (1 - ox)})

((w2 - w% —bw)? + waZ) ((w2 - w% +bw)? + waZ) . ©

This shows that even though bath oscillators are not charged, they acquire a non-zero angular mo-
mentum. This means that the long-time state of the bath feels the magnetic field B. The dependence
of the angular momentum on the oscillator frequency is plotted in Figure 3.

We emphasize that L{w) # 0 due to initially non-equilibrium state of the particle, since L(w) =
0 whenever ox = oy = 1; cf. (6). Next, we confirm that (6) is consistent with the average angular
momentum conservation (2.4) between r = 0 and r = co:

o0 b _
[ aor) =~ 0y - (1)) ™
0 wo
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where (X2)o and (X2)ro are the initial and final values; cf. (5). Even for ax = 1 we can have
L(w) ®0duetoay @ 1lin (6). Hence, L (w) @ 0 need not be driven by the conservation law; see
Fig. 3. Now E (w) changes its sign at w = wo and goes to zero as ~ w-4 for w » max[wo,y, b];
i.e. two sets of oscillators rotate in different directions, as Fig. 3 shows.

w

Figure 3: L(w)/6w versus wforT =1, "0 = 1Ly =01, ax =1, ay =0.1 cf. (6 5)
Curves refer to different magnetic fields (2.2) (from bottom to top) B =0.3 (black), B =0.1 (blue)
B =0.03 (red).

§2.5: Energy of bath modes
This section delves into the magnetic field’s influence on interaction-induced corrections to the
energy of a bath mode. The average energy E (wk) of the bath mode with frequency w = LLk is
defined as
c2
mk 1.2\ mkwk 2 R2 K

E (wk) ’ r

2 Tk 2 K P cK (R *rk) (8)

where the averages are taken over the initial distribution. The full conserved energy of the particle

plus the bath is the sum of E (wk) over all modes, plus the mean energy (FR2 + -AfORZ) of the
particle. In the limitt ~ro, E (w) is derived as

E (w) 3T - 6w (2e(w) +e(w)_g=o), where 9)

(@) Ty  w2(b2+y2) + (W2- W2)2 (1- ay)w2+ (1 - ax w2
S (L 10
DK (W2- a2- bw)2 +y2w2  (W2- «2 +bw)2 +y2w2 (10)
The thermal energy 3T is consistent with the equipartition theorem. The interaction-induced factor
proportional to 6w comprises 2s(w) from the (x, y)-components influenced by the magnetic field
B, and s (w)|_g=0 from the z-component. This factor vanishes for ax =ay = 1. Thus, the long-
term mean energy of the mode, in contrast to the particle’s mean energy, exhibits a magnetic field
dependence, albeit weaker than the dependence observed in (6), where the magnetic field effect
predominates due to the zero angular momentum without interaction. The interaction-driven term
in E (w) represents a small correction to the leading term 2T.

§2.6: Linear momentum
The conservation of linear momentum in a Brownian particle system is explored by analyzing
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how the linear momentum is transferred from the particle to the bath. The study reveals that
for a free Brownian particle (wg = B = 0), the linear momentum conservation is expressed as
4 (=, Z—’Z Fe(1) + V()] = 0., where V(r) is the momentum of the Brownian particle and

Z)_sz(t) is part of the mode’s momentum myi. For long times, the particle’s velocity thermal-
izes, but its position does not. The average linear momentum of a bath mode, %(r’k), oscillates

over time. When considering the collective momentum in the thermodynamic lilfnit, the integral
ng Z—’Z(r’k) shows that the collective momentum for non-zero frequencies decays as O(t_l) for
large times. However, the total bath momentum remains non-zero and equals the initial particle
momentum (V(0)), as derived from 22’:1 %ik(t) = (V(0)). This suggests that the momentum

is transferred to the zero-frequency mode, resulting in no observable motion for long times.
Comparison with angular momentum reveals key differences: single mode angular momentum

converges to a time-independent value, while linear momentum oscillates and dissipates in the long-

time limit.

§2.7: Brownian charge in viscous fluid

This section investigates the behavior of a spherical Brownian charge (radius a) in an incompressible

viscous fluid. We write the Navier-Stokes equation [42], where the center of mass R of the particle

follows the Langevin equation. The fluid’s velocity field u(r, r) satisfies

Su+(u-Viu=-Vp+vViu with V-u=0 (11)

and the boundary condition #(r, 1) = R(r) = V(¢) on the surface of the sphere ([r— R(¢)| = @) [42].
Assume the Reynolds number Re = [V]a/v < 1 and the product St-Re < 1, with Strouhal number
St = a/(7|V]), where 7 is a characteristic time of the Brownian motion. Then the Stokes flow
approximation yields u(r, 1) = @(r — R(¢), ) [42], where

it(r,t):%%((1+%)V(r)+(l—f—j)w) . (12)

v

Integrating the average flow over time results in a non-zero net displacement of the fluid, described
by fooo (u(r,1))ydr = —% T(l;igr") % (B x r), despite the equilibrium state yielding (u(r,?)) = 0.
§2.8: Summary

This section provides a concise summary of the findings of Chapter 2. The main unresolved question
is whether these findings are specific to the Caldeira-Leggett model, which is pertinent for liquid
descriptions [8], or if they extend to more realistic bath models. Preliminary hypotheses suggest
that the non-spontaneous nature of bath angular momentum might persist in more general models
due to the conservation law, whereas the spontaneous aspect could be unique to linear models.

Chapter 3

§3.1: Introduction

The conservation of angular momentum modifies the equilibrium statistical mechanics, described
by a microcanonical density that includes angular momentum conservation and a generalized Gibbs
distribution for subsystems [2]. Practical applications include rotary molecular motors, like the ATP
synthase enzyme, rotating atomic clusters, and classical Brownian charges under magnetic fields
[14,22]. The study aims to extend insights into turbulence, where large vortices decay into smaller
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ones due to viscous forces, and relate to the Kolmogorov-Arnold-Moser theorem on integrable
systems [17,35,36].

This section introduces the idea of canonical and microcanonical distributions, as well as es-
tablishing their equivalence for non-rotating thermodynamics systems.

§3.2: Mesoscopic description of the system

This section delves into the intermediate scale between microscopic and macroscopic levels, where
the behavior of systems is described in terms of collective variables. This mesoscopic approach
is crucial for understanding the weak non-conservation of angular momentum in the context of
statistical mechanics, particularly when the systems is not in equilibrium.

The ergodic microcanonical ensemble 6(E — H({)) with { the phase-space coordinates,
where only the total energy is conserved, corresponds to the Gibbs canonical distribution
exp(—BHgub ({sup)) for subsystem phase-space coordinates £y, with 8 = T7-1 inverse tempera-
ture. A single particle in a closed system is described by the Langevin equation

dr=v., Sv=—VVE) -+ T EQD). &OEG ) =6;60-1),  (13)

combining deterministic friction —yv and stochastic white noise \/2yT & (r), where y and noise am-
plitude satisfy the Fluctuation-Dissipation relation [6]. The subsystem Hamiltonian Hgyp ({sup) =

% + V(r) leads to the canonical distribution as the stationary solution [6]. Extending this to a
particle in a rotating environment with angular velocity £2 = &£ and temperature 7', the Langevin
equation (13) is modified to

Ir=v %v ==V, V(r)—v - Qxr) +y2yT &(7), (14)

accounting for local equilibrium and isotropic thermal noise by adjusting the friction term to
y(v — & x r). Through the corresponding Fokker-Planck equation, we confirm that the modified
canonical distribution pe({eyn) o eXp (=8 Hsub (Lsub) — @ Ly sub (b)) is a stationary solution if
potential V(r) is rotation symmetric, indicating consistency with the rotational framework.

The model’s limitations include the typically constant phenomenological friction coefficient 7y,
which realistically depends on temperature and density, increasing with temperature due to more
frequent particle collisions, as observed in the temperature-dependent viscosity of the Lennard-
Jones gas [43]. We also study the case of space-dependent y(r).

§3.3: Weak non-conservation of angular momentum
We investigate the dynamics of N interacting particles subjected to an external potential V(r) =

% (a2(1 +e xtrat(1-e)? y2 4+ a% z2), where ¢ # O breaks the rotational symmetry around

the z-axis, leading to a non-conservation of the angular momentum component L.

We consider weak pairwise interactions via translationally and rotationally invariant potentials
2i<j U(|r; —r;]) and this makes the system ergodic so that it will approach equilibrium. Deriving
from the Newton equations, the rate of change of L is shown to depend on the external potential’s
torque, yielding Cfl—]; = 44%¢ Zf\il x;y; Where (x;, y;, z;) = r; is the position of i-th particle. As-
suming a separation of timescales, we express >, x;y; as a sum of its time-average term (xy) and
a fluctuating term A (z). For large N, the fluctuating term is approximated as Gaussian noise by the

Central Limit Theorem. The deterministic part of Cfl—]; depends on the time-averaged (xy), which is

calculated to be non-zero due to €. The decay rate of L is derived as 77, o« e 2, assuming ergodicity

and a quasi-stationary distribution for the system. Furthermore, fluctuations are characterized by
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Figure 4: This figure illustrates the relaxation of total angular momentum L. The solid line is the en-
semble average over 1200 simulations with the same initial E and L. The shaded region surrounding
the line corresponds to one standard deviation of the values within the ensemble. The inset shows the
relaxation just after the violation of the rotational symmetry. For a different perspective, the same
plot is presented on the right side with a logarithmic scale.

Figure 5: (left) Autocorrelation function of L(t) in the steady state, when L fluctuates around
0. The horizontal axis corresponds to the time, scaled by decay rate a. The horizontal dashed
line corresponds to the steady-state fluctuations, while the other dashed line denoted the -1 slope,
demonstrating exponential decay of the autocorrelation function. Deviation from the slope is due to
statistical noise. Inset provides a magnified view of the same plot at smaller times, (right) Calculated
spectral density (points) is compared to the analytical Lorentzian spectral density. The discrepancy
at high (o is due to short-time correlations of colored noise, which we assumed to be white in (15).

the autocorrelation function of h(t), leading to a Langevin equation for L = Lz that includes a drift
term and a diffusion term with Gaussian noise:

d ur, ' 2Q.NT a2(a2+y2) 2 | NT2(a2 +y2) A
dr y a2-a2 ad+y2a? fry(a2-a 2)(ad+y2a2) ih()’
This is a stochastic differential equation for L, but the right-hand side depends on Q and T. In the

next section, we derive the angular velocity and temperature as a function of the angular momentum:
Q.(L) and T (L), thus (15) will be a closed Langevin equation for L.

§3.4: Canonical and microcanonical distributions
This section explores the relationship between the microcanonical and canonical ensembles, par-
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ticularly focusing on how the parameters of the microcanonical distribution L and E relate to the
canonical parameters 7 and £ to form a closed stochastic differential equation for L, c.f. (15).
By considering a partitioned N-particle system into a subsystem and a bath, and leveraging the
equivalence of ensembles under conditions such as N > 1, small subsystem energy, and weak
subsystem-bath interactions, it is shown that the canonical distribution is a valid approximation of
the marginalized microcanonical distribution for the subsystem [1,5]. The Hamiltonian of the sys-
tem is expressed as H = Hgyp + Hpath + Hinteractions With Hinteraction being negligible among the
rest.

Using this framework, the conserved total energy £ and angular momentum L are related to
subsystem quantities 7 and €2

E 34212

E | 32212
Q(L.E) = —|4/]1 -1 d T(L.E)=—|2-/1+—— 16

This illustrates that temperature increases as angular momentum decays when angular momentum
decays with conserved energy, indicating a conversion of rotational motion into chaotic motion.
Furthermore, during relaxation, the system monotonically contracts in the x-y plane but expands
along the z direction.

§3.5: Numerical Simulations

This section presents our results from molecular dynamics simulations validating mesoscopic de-
scriptions (14). We simulate 523 particles in an external quadratic potential with weak Lennard-
Jones interactions. The ensemble equivalence at low densities is established, while it breaks down
at high densities due to strong interactions and non-Gaussian distributions.

We also examine the relaxation of angular momentum under anisotropic potentials (Figure 4)
and find that the friction constant y evolves, because the temperature of the system increases. We
present various methods of estimation of phenomenological y coefficient from the numerical sim-
ulations.

We further investigate angular momentum fluctuations, deriving autocorrelation and spectral
density functions, which match analytical predictions, wee Figure 5.

§3.6: Summary

This section provides a concise summary of the findings of Chapter 3 and sets up the future re-
search directions, which include exploring non-uniform friction constants, collisionless relaxation
scenarios, and the implications of trivial microcanonical ensembles, while also considering prac-
tical applications like work extraction from rotating systems and determining the correct adiabatic
invariant for such systems.
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CONCLUSIONS

This thesis investigates a range of non-equilibrium phenomena influenced by magnetic fields. Our
exploration begins with the contentious topic of weak magnetic fields affecting living organisms.
The primary challenge lies in the competition between weak magnetic fields and strong thermal
fluctuations within the cellular environment. By closely examining the stochastic movements of
ions under weak static magnetic fields, we reveal that ions can accumulate a certain average angu-
lar momentum. This rotational motion is proposed as a mechanism for altering protein function,
potentially explaining observed phenomena in magnetobiology.

Next, we delve into the interaction of charged particles with a thermal environment. Using
the Caldeira-Leggett model to represent the thermal bath of numerous oscillators, we study the
minimal influence of a charged particle on the thermostat. In the presence of an external magnetic
field, the final equilibrium state of the particle does not sense the magnetic field, consistent with
the Bohr-van Leeuwen theorem. However, during relaxation, the charged particle induces a non-
equilibrium steady state (NESS) in the thermal bath. Uncharged bath oscillators acquire significant
average angular momentum, segregating into two groups with different oscillation directions based
on frequency. Thus, while the magnetic field’s impact on the Brownian charge is imperceptible in
equilibrium, it manifests in the surrounding environment over the long term.

Finally, we address the non-equilibrium statistical mechanics of rotating systems, focusing on
the behavior of conserved quantities when symmetries are weakly violated. By investigating the
non-conservation of angular momentum in nearly rotationally symmetric systems, we derive a
stochastic differential equation for the total angular momentum and validate it through extensive
numerical simulations. This work enhances our understanding of how minor imperfections in rota-
tional symmetry affect the conservation and dissipation of angular momentum.

Our research has raised numerous intriguing questions for future investigation. The field
of statistical thermodynamics in rotating systems, though well-established, still holds significant
unanswered questions that warrant thorough exploration using modern statistical physics tools and
methodologies. One key question involves identifying the adiabatic invariant in systems with multi-
ple conserved quantities. In a microcanonical ensemble where only energy is conserved, the phase-
space volume serves as the adiabatic invariant, with entropy linked to the logarithm of this volume.
This principle extends to quantum systems, where the number of states is proportional to the state
space volume. However, identifying the adiabatic invariant in rotating systems, where both energy
and total angular momentum are conserved, remains a challenge. Our objective is to determine this
invariant form in rotating systems.

Another promising direction is extending the Caldeira-Leggett model to accommodate the Gen-
eralized Gibbs distribution. The Caldeira-Leggett model provides a microscopic description of the
thermostat, reproducing the Langevin equation. In Chapter 3, we extended the Langevin equation
for rotating systems. Our next goal is to derive this Langevin equation from a microscopic model
of arotating bath, such as the Caldeira-Leggett model.

Additionally, T am exploring active matter, particularly the fluctuation-dissipation relations in
active systems and their potential generalizations. Starting with a mesoscopic model that explicitly
introduces activity, I aim to observe its effects on the macroscopic scale.
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Awot MateBocsiH ApTypoBuy

CraTucTuyeckas mexaHuKa aKTUBHbIX BHYTPUKNETO4YHbIX NpoueccoB

Pesiome

TepmopguHamnka - smnupudeckan Hayka, paspabotaHHaa B 19 Beke KapHo, Knaysunycom
u KenbBuHOM, onMMUcbiBaeT NpeBpaLLEHUA SHEPTMM M BeELLECTBA B KBa3WMPaBHOBECHbLIX
MaKpOCKOMUYECKUX CUCTeMax, BBOJA TakMe KitoueBble MOHATUA, KAk SHTPONUA W
HeobpPaTUMOCTb. TepmofMHaMuyecKne CUCTEMbI  COCTOAT M3  MUKPOCKOTMHECKUX
KOMMOHEHTOB, YMNPaBNAEMbIX KBAHTOBOW WAM KNaccMYeckol AMHamukon, 4To Tpebyer,
4TObbI OCHOBbI (PEHOMEHOMNOTUHECKOW TEPMOLMHAMUKM OCHOBBIBANNCH HAa CTATUCTUHECKOW
MexaHuKe.  DTa obnacTb OObefUHAET MaKpPO- WM MUKPOOMNUCAHUA W paccmaTpuBaeT
HepaBHOBECHbIE ABNEHWA B hU3MKeE.

Pacnpepenenune [Mb6ca 3aHMMaET LieHTpanbHOe MECTO B PAaBHOBECHOW CTATUCTUHECKOM
MexaHWKe, CBA3bIBAA BEPOATHOCTb COCTOAHWIA cucTembl B ha3soBOM MPOCTPaHCTBE C ee
ramuiIbTOHWaHOM, a TEPMOJMHAMWYECKWE BEIMYUHDI BbIBOQATCA Kak CPEfHMUE 3HAYEHUA MO
3TOMy pacrnpejeneHuto.

B stoii pabote uccnepyeTcA BAMAHME BHELIHWX CTATMYECKMX MarHWUTHbIX MONeEN,
KOTOpble HE BMWMAIOT Ha KIAcCMYECKME CUCTEMbBI, HAXOLALLUMECA B TEPMOUHAMMHECKOM
paBHoBecun.  HeoTbemnemasa CBA3b MarHWTHOrO MOAA C BpalleHWeM OuveBMHA B
KNacCcU4eCKol 3NeKTpoAMHaMUKe, e OHO AENCTBYET Kak MCEBLOBEKTOP, aHanorMuHbIi
MOMEHTY MMMynbca. Takum obpasom, BTopaAa Lelb fJaHHOW paboTbl - BblABUTL
OTKpPbITble NPOBAEMbI B CTATUCTUHECKON MeEXaHUKe BpaLLatoLLLMXCA CUCTEM W UcclefoBaTb
HepPaBHOBECHYIO penakcaLuio YroBOro MOMEHTA.

B paBHOBECHOI KNaccUUeCKO CTaTUCTUHECKOI MEXaHUKE cTaTUHECKUE MarHUTHbIE MNOJA
He OKa3blBatOT HUKAKOTO BIMAHUA, MOCKOSbKY OHU HE BbIMONHAIOT paboTy U He NMPOABNALOTCA
B BbIPAMEHUMN SHEPrUM CUCTEMBI, 4TO MPUBOAUT K PABHOBECHOMY pacrpefeneHuto,
HE3aBUCUMOMY OT MarHUTHBIX Mofiel. 2To OTKPbITWeE, W3BECTHOe Kak Teopema Bopa-gaH
JleBeHa, nopuepKmnBaeT HEOOXOAMMOCTD KBAHTOBOW MEXaHUKM /1A OObACHEHUA MarHeT3Ma.
OpHako adpdpeKTbl MarHUTHOMO TMOMIA MOMKHO paccMaTpuBaTb B pamKax KlaccuHecKow
MexaHWKM, ocnabus NpeanonomeHmne o paBHOBECUM.

HepaBHoBecHble cucTeMbl LIMPOKO pacnpocTpaHeHbl, MPOABNAACL, CPEAU MPOYero,
B MMBbIX CUCTEMAX, MOTOKAaX MUAKOCTEN WM XMMMYECKUX peakLMAX. XOTA paBHOBECHble
COCTOAHWA PEfKM B MPUPOLE, KBA3MPABHOBECHbIE KOHUEMNUWUM, TaKWe KaKk ypaBHeHUA
NanmeseHa n Pokkepa-lnaHKka, NonesHbl [NA M3YHEHWA HEPaBHOBECHbBIX cUCTEM. DTU
ypaBHEHUA MOLAEPMMBAIOT Teopembl pyKTyaunum W yKTyauMoHHO-AUCCMNaTUBHOMN
Teopun (FDT), ceasbiBatolliMe paBHOBECHYIO W HepaBHOBECHYyto TepmofuHamuky. FDT
cBA3blBaeT KonebaHUA paBHOBECUA C peaKkuMel cucTembl Ha Hebonbluue BHELLHWE
BO3MYLLEHWA, TMPUMEPOM YEro MOMET CIYMUTb COOTHOLLEHWe DiiHWTeHa ANA
KoadpchbuumeHTa gudpdpysum.

B nocnegHwve roabl MayHdeHnto NpoLeccoB, NPOUCXOLALLMX B MUBbIX KNeTKax, YaenAeTca
3HauMTENbHOE BHUMaHWE B CBA3W C €ro (PpyHAaMeHTaNbHOW BaMHOCTBIO ANIA MOHUMAHUA
6uonoruyeckmx pyHKL U 1 nosefeHna. OcHoBHaA Lenb Halleil paboTbl - MOHATL hyHKLMIO
ATPase, rpynnbl chepMeHTOB, OTBETCTBEHHDIX 3a BblpaboTky Monekyn AT®, sHepreTudeckoin
BanoTbl Knetkn. [ame maneiillee usmeHeHve B pyHKUMM ATPase momeT cylllecTBEHHO
MOBMATL Ha PocT W hyHKLMOHMPOBAaHUE BCero opraHuama. BpalleHue urpaet kntodesyro
ponb B dyHKLMOHMpoBaHUM ATPase: MoTok NpoToHOB BpalLaeT LeHTpallbHbIiA cTepMeHb,
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KOTOPbIiA BMOCNEACTBUM BbI3bIBAET KOH(POPMALMOHHBIE WM3MEHEHUA B KaTANUTUYECKON
vacTu, Tem cambIM cniocobeTByA cuHTesy ATP. OpfHaKo B Takoll MUKpocKonMYeckol cucTeme
BpalLEHWe MPOUCXOJUT HE B HUCTO MEXAHUYECKOM CMbICTIE, & CKOpPee [LOIMKHO ObITb MOHATO
C MOMOLLBIO MPUHLMIMOB CTATUCTUHECKOWN MEXAHUKM.

B sapauax cratMcTMuecKoW MexaHMKM YacTo paccmatpuBaeTcA bonbluas cucTema,
pasfieneHHaA Ha MeHbLUylo NofcucTeMmy, mnpefcTaBnAlollyto uHTepec ("cuctema”), u
bonee KpyrHyto KBasMpaBHOBecHyto nopcuctemy ("Tepmoctat” unu "BaHHa"). Cuctema
B3aWMOLENCTBYET C TepMOCTaToM, OOMEHMBAACH 3HEPrUel, HacTULamu, JIMHENHbIM
MMIYNbCOM M YINOBbIM  MOMEHTOM. HepasHoBecue momer BozHukate nmbo w3-3a
BO3MYLLIEHWA CUCTEMDBI, MO0 U3-3a HEPABHOBECHOTO COCTOAHUA TEPMOCTATa, HTO MPUBOAMUT
K HepaBHOBecHbIM ycToiumBbiM cocToAaHuam (NESS). NESS obobliaer paBHOBecHble
COCTOAHWA, B KOTOPbIX OTCYTCTBYET CUMMETPUA OBpalLleHNA BPEMEHU U MOALEPKMBALOTCA
NOCTOAHHbIE TOKU.

B paHHoii pabote paccmatpuBarotcA Tpu hU3BMYECKUE CUCTEMbBI, MOOKIIOYEHHDIE K
HepaBHOBECHOMY TEPMOCTATY, C aKLLEHTOM Ha BpalliaTeflbHOE [BUKEHWE M MOMEHT UMMNYNbCa.
MarHutHble nonA MoryT BAMATb Ha HepaBHOBECHblE CWUCTEMbI, MPUAABanA BpallaTelbHoe
LBUMEHUE 3aPAMEHHDIM YaCTULAM U BbI3bIBaA BpalLeHUe TEPMOCTATOB B 3aBUCUMOCTM OT KX
HEPABHOBECHBIX XapaKTepUCTUK. Kpome Toro, HepaBHOBECHbIE COCTOAHUA C KUHETUYECKUM
NPOUCXOMAEHNEM OOHAPYHUBAIOT OCOBYIO CTOXACTUHECKYIO AMHAMUKY YITOBOTO MOMEHTA.

Mol nccnepyem BospeiicTBue cnabblx MarHUTHbIX MONEW Ha MMBble OpraHW3Mbl,
NPOBEPAA  JOCTOBEPHOCTb M BOCMPOM3BOLUMOCTD  PE3YNbTATOB  SKCMEPUMEHTOB.
Pusmnyeckne mexaHU3Mbl, NeXallue B ocHoBe 3TUX achheKTOB B MONEKYNAPHOK buonoruu,
OCTAKOTCA HeACHbIMM.  Mbl Npepnaraem MexaHusm BIWAHWA cnabbix MarHUTHbIX Monei
Ha CTOXAacTUYECKOE [BMMEHME MOHOB, UMEIOLLEE peLLatoLLee 3HAYEHUE B OUONOMMYECKUX
npoueccax, MoKasblBad, H4TO WOHbI MPUOOPETAOT HEHYNEBOW CPERHUIA YrNOBON MOMEHT,
KOra PaBHOBECUE HapyLLAeTCA aKTUBHbBIMM MpoLieccamm.

Lanee wmbl nepecmatpusaem Teopemy bopa-san JleBeHa, uccnepya Knaccuueckyto
3apAMEHHYIO BPOYHOBCKYIO YacTWLly, B3aMMOJEUCTBYIOLLYIO C PaBHOBECHOW TepmalbHOM
BaHHOM. XoTA wYacTuua, cornacHo Teopeme, He "4yBCTBYeT' MarHWTHoe Mone, ee
B3aMMOLENCTBME C BAHHOYKON BbI3bIBAET B BaHHOYKE HEPABHOBECHLIE COCTOAHUA.
Ucnonbaysa mogenb Kangelpbl-Jlerretta, mbl nokasbiBaem, 4To MarHUTHOE Mofle Bbi3blBaeT
OONrOBPEMEHHDbIE U3MEHEHUA B BaHHe, MPUBOAALLME K CPELHEMY YrTIOBOMY MOMEHTY B
He3apAXKeHHbIX reHepaTopax bath.

B Haluem 3aknioumnTenbHOM UccefoBaHUM paccMaTpUBaETCA YCTOWYMBOCTD BpaLLEHWA B
cUCTEMAX, THOE OTPaHUYMBAIOLLMIA NMOTEHLMAN HE ABNAETCA UAEANbHO CUMMETPUYHBIM, YTO
NPUBOAMUT K YMEHbLLIEHWIO YrNoBoro MomeHTa. Mbl paclumpunn Bonpoc ob UHTerpanax
OBWMEHWA Npu  cnabblX BO3MYLUEHWAX, BbIBEAA KPYMHO3EPHUCTOE CTOXACTUHECKOE
InpbepeHLmanbHoe ypaBHeH e, onucblBatoLLee yMeHbLLIEHWE yrioBoro MomeHTa. Halum
pesynbTaTbl COrNacytoTcA ¢ pesynbratamy YUCIEHHOTO MOAENUPOBaHWA, YTO yiyyllaeT
MOHUMaHWe UHTEMPasoB ABUKEHUA B CNaboBO3MYLLEHHDBIX CUCTEMAX.



