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OBIIASA XAPAKTEPUCTHUKA PABOTHBI

AKTYyaJIbHOCTb T€MBbI.

B paznmuunbix 3agagax MexaHuku, Gu3nku U Mmatematuku (cm. [1, 2, 3, 4, 5, 6, 7]) Bo3HUKaeT HEOO-
XOJIMMOCTh UCCIIEZIOBAaHUSI YpaBHEHHUS TUIIA CBEPTKH. B HacTosiee BpeMs MMeeTcs OOIIMpHAs JIUTe-
parypa, MOCBSILEHHAS UCCIIEI0BAaHUIO PA3IMUHBIX aClIEKTOB ONEPaTOPOB THUIA CBEPTKU (CM. HapUMeEp
(8,9, 10,11, 12, 13, 14]).

VYpaBHeHUsI CBEPTKU Ha IMOJIyOCH BIlepBble ObLIM paccMoTpeHbl Bunepom u Xomndowm (cMm. [15]), B
YEeCTh KOTOPBIX 3TH YPaBHEHUS U OJIYYWIN CBOE Ha3BaHUE.

Teopus dpearonsma s oneparopoB Bunepa—Xomda Obuta pazsura B padborax M. Kpeitna, U. T'ox-
oepra, P. Jlynyuassl, P. [[Inaiinepa, A. béruepa, M. CiuTkoBCKOro M Apyrux aBTopoB (cMm. [16, 17, 18,
19, 20]).

Slapo ypaBHenus cBeptku K (x,t) = k(x — t) yaoeierBopsieT auddepeHnanbHOMy ypaBHEHHO

B paborax [21, 22, 23] paccMOTpeHbI HHTErpajibHbIE YPABHEHUS C SJIpaMHU, YOBIETBOPSAIOIUME AU Pe-
pPEeHIMANBHBIM YpaBHEHUsIM OoJiee ob1ero Buaa. B yactHocTH, uccienoBana 3aada GperoibMOBOCTH
U 00paTUMOCTH ITHX OIEPATOPOB.

Oneparop ceeprku W(a) ua ocu ¢ cumBonom a € L. (R) B npocrpanctse Ly(R) MOKeT ObITh
onpenenena no popmyne Wo(a) = F~'m(a)F, rne F — npeobpaszosanue Dypbe, a m(a) — oneparop
YMHOXEHUS Ha (QYHKIHIO q.

B pabGote [24] BBeneHO moHATHE omnepaTopa L-CBEPTKH IyTeM 3aMEHbI oneparopa dypbe Ha ya-
CTHUYHO U30METPUUECKHI1 OTrlepaTop, ABJISIOIINICS CIIEKTPATbHBIM TPE0Opa30BaHUEM CaMOCOMPSKEHHO-
ro oneparopa LItypma—JlnyBunis. B aToit pabote Takke BBEAEHO U M3yUEHO (DpeIrobMOBbIE CBOMCTBA
omneparopa L-Bunepa-Xomnga B npocrpanctse Lo(Ry), tne R, = {z € R | = > 0}. B ciayuae ny-
JIEBOTO TOTEHIMAJIA 3TH OTIEPATOPHI COBIIAAAIOT C ONlepaTopaMu CBepTKH u Bunepa—Xomnda. B padorax
[25,26,27,28] B npoctpanctse Lo (R, ) mompo6HO uccnenoBaH ciyvaii 6e30TpakaTenbHOro MoTeHInaa
[IPU Pa3IMYHBIX MPEATNONIOKEHUSX OTHOCUTEIBHO CUMBOJIA OIlepaTopa.

eab pa6oThl.

(1) H3yuurs 3amauy dpearoiabMoBocT oneparopa L-Bunepa-Xoria B BeCOBBIX npocTpaHcTBax Jle-
Oera ¢ MPOU3BOJIBHBIM BecOM MakeHXayITa, B ciiydae 0e30TpakaTeIbHOr0 MOTEHIHAA.

(2) BbloenuTh Ki1acchl HHTETPAIbHBIX ONEPATOPOB, JOMYCKAIOIINX PeaU3alliio B BUJE ONEPaTopoB
L-cBeptku u oneparopoB L-Bunepa-Xornda, u rcciaenoBarh ux GpearoabMoBbie CBOWCTBA Ha OC-
HOBE 3TUX pEAJIN3aALUM.

(3) BbIsIBUTE HOBBIE KJIACCHI OMEPATOPOB, HE JOMYCKAIOIIME pPEaNU3alUI0 B BUAE ONEpaTopoB L-
cBepTku U L-Bunepa-Xomnda, Ho obnanaromye OIU3KUMU CBOWCTBAMHU.

Metoabl ucciieqoBanus. B paboTe npuMEHEHBI METONIBI CIEKTpallbHOM Teopuu auddepeH-
UAJIBHBIX OIEepaTopoB, Teopuu oneparopoB Buuepa-Xonda u TEmmuia, a takke oOmield Teopuu
(b pearoTbMOBBIX OMEPATOPOB.

Hayqﬂaﬂ HOBHM3HA. B pa60Te MOJIY4YCHBI CICAYIOINEC OCHOBHBIC PC3YIIbTATHI:

(1) B cnyuae Ge30TpaXkaTeiabHOTO MOTEHIIMANA U KyCOUHO-HETIPEPHIBHOTO MaTPUYHOTO CUMBOJIA MO-
JTy4eH KpuTepuil ¢pearonsmoBocTd omeparopa L-Bunepa-Xomnda B npocrpanctsax L,(R, w),
1 < p < 00, ¢ IPOU3BOJILHBIM BecoM MakeHxaynTa, a Takxke rnoiydyeHa ¢opmysia sl UHIEK-
ca.



(2) TlonydeHo MHTErpaIbHOE MPEACTABICHNE TIOCPEACTBOM MHTErPaIbHO-IIOKA3aTEIbHBIX (PYHKIMI
mist oneparopa W2 (—sgn) B npocrpanctse L,(R, w) B ciyuae 6e30TpaKaTenbHOro MoTeHIHaa

2

o
vlw) = ch?u(r —§)’

Te M ¥ {1 — IPOM3BONBHBIE TIONOXKHUTEbHbIE uncna, a & = 1/2), In(m? /9 1)-

(3) TMonyueHo nHTErpaIbHOE NPEACTABICHUE TSl OMHOTO Kiacca oreparopos W, (a) B mpocTpaHcTBe
Ly(R ) B ciyuae panoHaIbHOTO KO3 GUIMEHTa OTPaKEHHUS

1
r(A) = ———.
» A+ 1
(4) Tomy4ensl KpuTepHn oGpaTuMocTH U Gpearoasmooctd oneparopos U*m(a)U nm U*m(a)Un)
neiicTByromux B npocrpancteax Ly (R) u L5 (R) cooTBETCTBEHHO, B CIydae, KOI/a MOTCHIUA
SIBISIETCS AeNbTa-pacnpeneneHueM Jlupaka, a orneparop U MOCTPOEH Ha OCHOBE aHAJIOTOB peliie-
Huit Mocra.

IIpakTHYeckas U TeopeTHYeCKasi HEHHOCTh. PaboTa HOCUT TEOpETUUYECKUI XapaKTep U IMOCBS-
[IeHa MCCIIEJ0OBAaHUIO MHTErpajbHBbIX YpaBHEHUH Ha OCH U MOJyOCH, 00OOIIAIONINX KIacCHUYECKHe
orneparopsl cBEPTKH U Bunepa-Xonda. [lomyueHnHsie pe3yabraTbl MOTYT OBITH IPUMEHEHBI B TEOPUU
MHTErPaJIbHBIX ONIEPATOPOB.

yonmkanun. OcHOBHBIE pe3yJbTaThl JUCCEPTALMU ObUIM ONMYOIMKOBaHBI B 5 HAy4YHBIX CTaThsX.
Cnucok crarel IPUBEAECH B KOHLIE CITMCKA JIUTEPATYPHI.

CtpykTrypa u o0beM auccepranuu. JluccepranionHas padoTa COCTOUT U3 BBEIEHUS, MSITH IJaB,
3aKJIIOYEHHS ¥ CIIMCKA LIUTUPOBAHHOM JIUTEpaTyphl, BKIOUaroniero 59 naumenopanuid. O0bem auccep-
tauuu — 110 cTpanui.

Coaep:xkanue padoThI

Bo BBeeHMH TIpUBEIEH UCTOPUUYECKUIN 0030p pe3ylbTaToB, CBA3aHHBIX C TEMOH JUCCEpTalUU a
TaKXe KpaTKoe ONMCaHKUEe COAEPIKaHUs TUCCepPTaLUU.

B nepBoii i1aBe paccmarpusaercs ypasHeHue llItypma-JInyBusuis, BBOIUTCS OHITHS JaHHBIX pac-
cestHMA, 0e30TpaXkaTeIbHOTO MOTEHIIMANA U CIIEKTPaJIbHOTO Mpeodpa3oBanusi. PaccMoTpeHa Takxke ypas-
HeHus [enbdanna-JleBurana-MapueHko.

I[Tycth £ — camoconpsbkeHHbIi oneparop B L (R ), mopoxkaeHHslit iuddepeHnnanbHbIM BbIPaXKeHHU-
eM

ly = —y" +v(z)y = Ny, (1)

C BCIICCTBCHHBIM ITIOTCHIIMAJIOM v, y,[[OB.HeTBOpHIOH_[I/Iﬁ YCJIOBHUIO

/00(1 ) |o(a)|dz < oo. @)

—00

Pemenust Mocra ey (x, \) npeactasisitoT coboit perienust ypasuenust (1), (2), onpenensieMbie rpaHid-
HBIMU yCIIOBUSIMU

L ida _ LM _
zgrinooe ex(z,\) =1, zgrinooe el (z, \) =i\ 3)



ITpu BemecTBeHHBIX 3HAYCHUAX A # () mapsl Gyukiwmii e (x, A), ey (v, —\) me_(x, \), e_(x, —\) obpa-
3yI0T (pyHAaMeHTaJbHble cUcTeMbI perienui (1). B uactHocTH,

er(z,A) =b(Ne_(x, =) 4+ bo(N)e_(x, \).

Oyukiws by(\) aHATUTHYHA B BEPXHEH MOTYIIOCTKOCTH Im A > () ¥ ©UMEeT TaM JIHIIIb KOHEYHOE YHCIIO
npocCThIX Hynew ipy (> 0, k = 1,... N), KOTOpbI€ JIeaT Ha MHUMOM TOJIYOCH.

Kaxnoe cobctBennoe snadenue A, = (ipy)? (k = 1,. .., N) SBIS€TCS IPOCTBIM, K MY COOTBETCTBY-
10T coOcTBeHHast PyHKIUS ey (T, /1)) U TMHEHHO 3aBUCHMAsI OT Hee COOCTBeHHast QDYHKIUS e (T, —iji)
(cm. [29, 30, 31]). Dynkims t(A) = by *(\) (A € R) HasbiBaeTcst KodDOUIHEHTOM IIPOXOKIEHHS.

OOparHble BeTUYUHBI HOPM COOCTBEHHBIX (DYyHKITMIA

- ~1/2
£ . 2
my = / lex(z, £ipg)|” dz
o0

HA3BIBAIOT HOPMHPYIOIUMH MHOKHTEIISIMH.

Oyukuun () = b(A)t(A) u r (A\) = —b(—N)t()\) Ha3BIBAIOTCA COOTBETCTBEHHO JIEBBHIM
¥ mpaBbiM KodhuLMEHTaMu OTpaxeHus, a Habopbl Beawaud {1y (M), iug, mi;k = 1,...,N} n
{r_(\),ipx, m; ;k =1,..., N} Ha3pIBaIOT COOTBETCTBEHHO IIPABbIM U JICBBIM JAHHBIMH PACCESHUS.

OO6parHas 3a1a4a Teopun paccesinus ypaBHeHUs (1) COCTOMT B BOCCTAHOBIICHUH TTOTEHITHAIIA T1O Jie-
BBIM HJTH TTPABBIM JAHHBIM PACCESTHUS i HAXOXKICHUH HEOOXOAMMBIX U IOCTATOYHBIX YCIIOBHIA, KOTOPBIM
JOJDKEH YAOBJIETBOPSTH B3ThI HAGOp {7 (A), ipik, m; k = 1,..., N}, 9TOGBI OH SIBISUICS JIEBBIMU JTH-
00 MpaBbIMM JJaHHBIMH paccesiHus ypaBHeHUs (1) mpu HEKOTOpPOM MOTEHLHUAJIE v, YIOBIETBOPSIOLIEMY
ycioBuio (2).

WHTepec npeacTaBisoT Te AaHHBIE PACCEsHHSA, IPHU KOTOPBIX ypaBHeHUs lenbdanga—JleBurana—
Mapuenxo (cM. [30]) gomyckaroT siBHOE penieHue. K Takum JaHHBIM, HallpUMep, OTHOCUTCS Ha0op BUAA
{0,ip, mp; k = 1,..., N}, tme piy, my, TOIOKHUTEIbHBIC YNCIA, TIPUYEM [ij, PA3THIHBI APYT OT JAPYTa.
[Torenuunansl, 06aa1ar0MIKe JAHHBIMU PACCESHUS TAKOTO TUIIA, HA3BIBAIOTCS Oe30mpasicamensHulMu, Tak
Kak B 3ToM ciyyae ry = (). Takum npumepom siBisieTcs Takxke Habop {—A%H, 0, 0}.

C momompsio pemennit Mocta u koddduumenta npoxoxkaenns, omnepatopsl Uy : Ly(R) — Ly(R)
OTIPEIEIISIOTCS COINIACHO (opMyIIe

Usy(z) = \/%t()\) /_ " (e, Ny (x)dz. @)

a yactuunast usometpust U : Ly(R) — Lo(R) crpourcs mo popmysie
U =m(x+)U- +m(x-)JUs, (5)

Y Ha3bIBACTCs CIICKTPAILHBIM IMPeoOpa3oBaHueM oneparopa L.

Bo BTOpOIi raBe mnpuBeneHbl HEOOXOAUMBbIE Ul JalbHEHIEro CBOWCTBA (PpenrosbMOBOTO OIe-
paropa, CBOMCTBa BECOBBIX MIPOCTPAHCTB C BecOM MakeHxaynra, kputepuil ¢ppearoasmoBoctu Teru-
IIeBa OIeparopa ¢ KyCOYHO-HETIPEPHIBHBIM CHMBOJIOM, C(POPMYITHPOBAH JIOKAIBHBINA Mpunun ['ox6epra-
KpynHuka, manel onpenesneHus onepatopoB L-cBepTku u L-BuHepa-Xonda. [Ipu HEKOTOpHIX orpaHnye-
HUSIX HA BECOBYIO (DYHKIIMIO TOKa3aHa KOMIIAKTHOCTbH | aHKeJIeBa oneparopa ¢ HeIpephIBHBIM CHMBOJIOM.

JIuneiinbiit orpanndenHslii oneparop A : X — Y, rne X, Y — 6aHaXOBBI IPOCTPAHCTBA, HA3bIBACTCS
dpenronsMoBBIM, eciy ero 06pa3 3aMkHyT (T.e. In A = Im A), 1 KOoHedHOMEpHSBI ero sAapo ker A =
{x € X; Az = 0} u kosiapo Coker A := Y /[ A. Yucno Ind A := dimker A — dim Coker A Ha3biBaroT
uHaeKcoM oreparopa A, a MHOXkecTBO {\ € C; T — A\ He GpearonbMoB} — CyIIECTBEHHBIM CIIEKTPOM
ormeparopa A.



Jnst munHeiinoro npoctpanctBa X yepe3 X" (cooTBeTCTBEHHO yepe3 X "*") Oynem 0003Ha4aTh MHO-
JKECTBO 1-MEPHBIX CTOJOIOB (COOTBETCTBEHHO 1 X M Marpui). s omeparopa A, IeHCTByIOMETo U3
JMHEHHOTrOo MpocTpaHcTBa X B JMHEHHOE MPOCTPAHCTBO Y, orieparop

diag(A,...,A): X" =YY"

Takxke Oyzmem 0003Ha4aTh uepe3 A, T.e. neiictBue oneparopa A Ha X" OyJaeM MOHUMAaTh TOKOMIIOHEHTHO.

®yukunio a € L (R) G6ynem HasbiBath U-mynsrumukaropoM B L,(R, w), ecnu otobpaxeHue
f = U*m(a)U f orobpaxaer Lo(R) N L,(R,w) B cedst u cymecTByeT nocrosiHHas ¢ > ( Takas, 4To
oxHoBpeMeHHo 1itsi BeeX f € Lo(R) N L, (R, w) nMeer MecTo HEpaBEHCTBO

1T m(@)U fl < Nl fllp -

IMockonbky Ly(R) N Ly(R,w) mioto B L,y(R, w), To cka3anHOe 03HadaeT, uto omneparop U*m(a)U
JIOIyCKaeT HeMpephIBHOE MPOAOIDKEHUE 10 AeiicTByromero Ha L, (R, w) orpanndeHHoro omneparopa, Ko-
TOpBIA MbI OyieM 0003Hauath yepes W2 (a) u Oynem HasbiBarh oneparopoM L-ceeptku Ha L, (R, w) ¢
CHMBOJIOM d.

MuosxectBo U-MyIBTHILIHKATOPOB OyaeM 00o3Ha4ars yepe3 M, , 0. B cnydae a = (a;;) €
TI0/1 OTIepaTopoM L-CBEpPTKH MBI IOHUMAEM OIIEPaTop

nxn
pyw,L

We(a) = (Wp(ay)) : Lp(R,w) — LR, w),

31IECh, KaK U B lanbHetinem, yepes Ly (R, w) Gynem obosnauars anrebpy (L, (R, w))"™ (cM. onpenenenue
npoctpancTBa X" st GaHaxoBa MpocTpaHCTBa X).
nxn . 0 0. 71n n

Hycts a € M7 Onepatop We(a) = m, Wp(a)m): Ly(Ry,w) — Ly(Ry,w), 1 < p < o0
OyzeM Ha3bIBaTh orepartopom L-Bunepa-Xomda ¢ ciMBOIOM a.

[Mockonbky 1ipu v = 0, oneparop U cosnazaer ¢ npeodpasosanuem Oypoe F, To oneparopst W7 (a)
u W, (a) B 3TOM Cciydae COBIAIa0T, COOTBETCTBCHHO ONPEACIEHHBIMH B BECOBBIX IIPOCTPAHCTBAX, OIIe-
paropom cBEpPTKHU U onepatopoM Bunepa-Xomda (cm. [8]). [To 3Toi mpudnHEe B 3TOM ciiydae BO BCEX
0003HaueHUAX MBI OITycKaeM MHAEKC L U OyJeM MONb30BaThCs CTAHAAPTHBIMU 0003HaueHusIMUu M,
M, WO(a), W(a). MHOXeCTBO MyIbIIHKATOPOB M, (cM. [8]) sBIsteTcst GaHaxoBoit anrebpoit ¢

HOpMOU
lall us,,, = [[7°

(a) HB(LP(]R,w)) '

Yepes PC := PC/(R) 0603Ha4nM anre6py BCeX KyCOIHO-HENPEPEIBHEIX QyHKIMil Ha R := RU{oo}.
Jpyrumu ciioBamu, QyHKIMSA a npuHaaiexut PC Torga u TOIbKO TOria, Korja uist Jroboro ry € R
CYLIECTBYIOT mpesensl a(zg — 0) := lim a(z), a(zo+0) := lim a(z), npuyem

r—xo—0 rx—xo+0

a(oo —0) :=a(4o00) = lim a(z), a(oo +0) :=a(—o0) = lim a(z).
r—+00 T——00
®yuxiuu n3 PC uMeronye orpaHiYeHHy 0 Bapuaruio Var(a) npuHamiexar aaredpe M, ,,. O603Ha-
anm uepes PC,,, (coorserctBenno C,,,(IR)) 3aMbikaHue B M, MHOXECTBA KYCOYHO HENPEPHIBHBIX
(GYHKIHI HMEIONMX OTPaHMYCHHYI0 BAPUALUIO U HE GOoee YeM KOHEYHOE YHCIIO CKAauyKOB (COOTBET-
CTBEHHO HenpephiBHBIX Ha R dynkimit) u mycts C,, ,(R) := PC,,, N C(R), e R = R U {£o0} —
JIBYXTOY€UHast KOMITakTuukarms R.
Iycts v € (0, 1), 21, 22 € C. MHOXeECTBO

Z2627r(oc+i1/) — 2

A(z1, 205 1) = { e 1 0 Y€ R} U{z1, 22}




ABJISIETCA TyTOM OKPY’KHOCTH, COCIUHSIONIEH TOUKU 21 U 29, U COAEPKAIAS KOHIIEBBIE TOUKH 21 U 25.
PaccmoTpum Tak:ke MHOKECTBO

H(z1, 22511, 10) = U A(z1, 22;v)
vE(v1,va]
Ha3bIBAEMOE POTOM MEXKY 21 | 23 U3 C, u onpeaensieMoe uuciiamMu vy, v, 0 < 1y < 15 < 1 (em. [8]).
Kaxxnoe u3 muoxects (cM. [8])
— ¢ K
ko) = {uer |22 wiw e 4}, cer

Io(p,w) = {p eR: |z —i| "w(x) € A,(R)}

ABJIETCS] OTKPBITBIM MHTEPBAJIOM JUIMHOM HE IPEBBIIAOLIEH eAUHULLY U coepkamui
Le(p,w) = (—vg (p,w), 1 — v} (p,w)), E€R,

e 0 < v (p,w) < v (p,w) < 1. Pacemorpum taroke wucia vf (p,w) = 5 (v, (p,w) + v (p,w)), tre
z €R.

B TpeTbeii maBe moiydeH KputepHii GppenronrsmMoBocTH oneparopa L-Bunepa-Xorda B BECOBBIX
IPOCTPAHCTBAX B clydae 0€30TpakaTeIbHOTO NOTEHIINAIA H KyCOYHO-HETIPEPHIBHOTO MAaTPUIHOTO CHM-
BOJIA.

Teopema 3.5.1. [lycmo w € AL(R), a € PC»", L— onepamop, noposcoénnsiii Oughpepenyuant-
HulM ypasHenuem LLmypma—/Tuysunna, coomsemcemeyrouum bezompasicamenvromy nomenyuany. Toeoa
onepamop W(a) hpezdonvmos 6 npocmpancmee Ly (R, w) mozoa u morvko mozoa, ko20a

det[(1 — p)a(z — 0) + pa(z +0)] #0 npu z € R u peH (0,10 (p,w), vy (p,w)) u
det(1 = p)a(+00) + pa(—00)] 0 mpu s € H (0,155 (p,10) 1 (5, )

B ar0it miaBe Takke HMCCIEXyeTCs 3a/ada BBIYMUCICHUS MHICKCAa (pEearoiapMoBoro omeparopa L-
Bunepa-Xornda, mosydeHsr HopMyIbl HHICKCA IPH PA3IHYHBIX MPEeAnonoKeHusx. [lonydeHHbIe pe3yib-
TaThI [IPOAHAIU3UPOBAHBI B CIIy4asiX, KOT/[a: CHMBOJ HMEET KOHEYHOE YHCIIO Pa3pbIBOB; CHMBOJI SBISIETCS
HETPEPBIBHBIM; CHMBOJI SIBJISCTCS CKAILIPHOM (yHKIIHEIH.

B 4eTBepTOii I1aBe HCCIEAYETCsl OOPATUMOCTh OJHOTO KJIACCa HHTETPAIBHBIX OMEPATOPOB MyTEM
MX peajm3alii Kak omeparopa L-CBEPTKH, W TAKKe (PEAroIbMOBOCTh HHOTO KJIACCa MHTETPaIbHbIX
OIIEpaTopoB IyTeM UX pean3anun Kak oneparopa L-Bunepa-Xonda.

Ilycth m W ju IPOM3BOIBHEIC ONOKHUTEIbHEIE Yncia, { = 1/2), In(m? /9 w)» d € C. Onpenenum
(yHKIHIO  CreIyOIIM BbIpaKEHUEM
m ers 2 um et

p(z)

T 2ch(u(r—¢))  m2t2pues

Paccmotpum unrerpansustii oneparop 1y : L,(R, w) — L,(R,w), w € A,(R), 1 < p < oo, ae#cTByIo-
il mo popmyse

(T)(@) = (S)(w) ~ = [ (Bilu(s — 2) ~ Bilulz — ) o(x) ols) y(s) ds
d () / o(s) y(s) ds,



e
y t
e
= —dt
t
—0oQ
WHTETpaJIbHAS TTOKa3aTeabHas PYHKIUs, S — CHHTYJISIPHBIA HHTETPATBHBINA OTIepaTop Ha OCH.

Texnuka oOparieHus oreparopa 1; OCHOBaHA Ha TeOpHH oreparopoB L-cBEPTKH. B wacTHOCTH, B
IPHUBEICHHON HIDKe TeopeMme T peanmusyercsi Kak orneparop L-CBEPTKH C CHMBOJIOM, PaBHBIM a(r) =
—sgn (x), B ciny4ae, korma L nopoxaeHa ypaBaenneM lltypma-JInyBuiis ¢ HEKOTOpbIM Ge30Tpaka-
TEJIbHBIM MOTEHIaIoM (CcM. [32]).

Teopema 4.1.2. B ciyuae d # 0 onepamop T} oepanuyen u obpamum 6 L,(R, w), 1 < p < oo. Bonee
mozo, T, ' = T,-1. Beayuae d = 0, onepamop Ty asnaemcs 0606wenno oopamumoim, m.e. TyTyTy = Ty,

Ypasnenue
Toy:f7 feLp(Ruw)a

umeem peuieHue mozoa u moabko moaod, Ko2od

7 f(2) o() da = 0.

Ecnu smo yciaosue 8blnojsiHAemcs, mo 06u4€epemeHue umeem 6uo

y="Tof + ap,

20e (' nPOU360NIbHOE KOMIILEKCHOE HUCILO.

ITycts S : Ly(R) — Lo(R) cunrynsipHblii vHTETrpaibHbIi oneparop, a P, = S) ero mpoeKTop.
[Tyctp dynxuust k npunamiesxut noanpocrpanctsy Li(R) N Hy(R), roe Hy(R) := P, Ly(R). Kpome
TOTO, TPEAIMONOKUM, YTO CyluecTByeT dyHkuus d takas, 4o d,d € Li(R) u d’ = k. Paccmorpum
uHTerpanbHbiii oneparop 7 : Lo(R,) — Ly(R. ), ompenenennsiii no gopmyie

~— N

(I +

k(t — x)dt+

(T)(@) = o(e) + —= /

“+oo
1 26—2m €—2t .,
_1__27T gy / (1 + ypp=7 e—2t> y(t) / k(t —x — 7)e "drdt+
0 0

+o0o 0
1 ( 6—290 ) 26—2t
+——(1+ y(t) / k(t —x — 7)e"drdt,
/2 4 —e 22 / 4 —e2
i 0

—00

Teopema 4.2.1. Ilycmb vinonnensl cieoyroujue yCcio8us:

(1) nomenyuan v onepamopa L onpedensiemcsi npasvim HAOOPOM OAHHBIX PACCESTHUS {—A%H, 0, O};

(2) k € Li(R) N Hx(R);
(3) cywyecmeyem pynxyus d € Li(R), maxas umo d' € L1(R) ud" = k;
(4) @yuryus a onpedensemcs paseHCmeom

(FR)N)
N2 1 2)(\ 1 1)2

a(\) =1+
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mozoa umeem mecmo pasencmeo T = Wp(a).
Teopema 4.2.2. Ilpu ycnosusix (2) u (3) meopemot 4.2.1 onepamop T ¢hpedeonvmos moeoa u monvko

mozoa, ko20a

(F~'k)(N)

A2(A\2 +2) A2(A\2 +2)

Ipu svinonuenuu 3moeco yciosust unoekc onepamopa | modcem 6vims GblUUCTIEH NO Popmyie

a(A) =1+ (A2 1) £ npu A > 0.

11 [
md7 =—-—— [ dA
nd7 =5 =5 ) AT

(VA + V2I) A + 2)a(vVA) + 1)
(VA +i)4(VX — v/20)

B naToii rmaBe paccMorpeHo ypasHeHue Lltypma-JInyBuiig ¢ nOTeHIMAIOM paBHBIM AEJIBTa pac-
npeseneHny JupaKa, ¥ MOTydeHbl aHAIoru peurennii Mocra. C IOMOLIBIO 9THX pelIeHHil onpe/es-
etcst oneparop U, KOTOPBI Takke SIBISETCS YaCTUYHON M3oMeTpuel. BBoauTCS moHsATHE OnepaTopoB
m-cBepTKU U m-Bunepa-Xonda. [Tomyuens! kpurepun GpearosbMoBOCTH U 00PAaTUMOCTH 3THX OIepa-
TOPOB.

Paccmorpum crenyronyro 3agady:

(A) Haumu gynryuro y € C(R) yoosremeopsrowyio na mrodxcecmaax (—oo, &) u (€, 00) ougppepen-
YUATTLHOMY YPABHEHUIO

"N \2
-y =y
maKy}o, Ymo 6blNnOJIHEHO cxze()yiou;ee 2paHulmoe yCJZ06‘u€

dy

d
T(E+0.0) - %(5 —0,4) = —qy(&, ).

Perrenust 510t 3aa4u e (x, \) YAOBICTBOPSIOIINE TOTOTHATEIBHBIM YCIOBUIM

lim e ™ ey(x,\) =1,

r—F0c0
lim e~ ie (x, A) =iA
r—+00 dx £\ ’
HMMEIOT CJIEAYIONIUN BHU]T
( i2XE
q iAx qge —iAx
1+ —> et ———e , T <E,
er(x,\) = ( 2i\ 20\ ¢
e, x> E.
-
( ) 61)\12, T < 5’
e_(r,\) = i20E
q AT qge —iA\x
Lo L)oo 197 e g
( ( 12 c 12 c T>¢

3ameTuM, uTo 3a/1aua (A) PKBUBAJICHTHO PEUICHUIO YPABHEHHUS

2
a0 = = ¥ e =
rae 0 — aenbra pacnpezaenenue Jupaka, B 0000meHHOM cMbicie. Mcxos U3 9Toi aHajnoruu OyaeM Ha-
3pIBaTh (YHKIMK e penteHnsaMu HMocra 3amaun (A). ITo 3T0ii aHAMOrHH K03OOUIMEHT MPOXOKICHUS
AMEET BUJ

12\
g2\’

t(A)
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a K03 PULIMEHTBI OTpasKEHUS 71 PABHBI

20 —i2X¢
qge ge
N = 2\) = — ,
s WA )\
Oynximn up(z, ) = t(A)eg (x, =\) DIpUHEMAIOT BUJ
( 20 ]
ez)\x o ge : 671)\1’ xr < Ea
u_(z,\) = qta2A
’ 12N .
e x> E.
[ g+i2x
2 ,
t o 671)\17 xr < g’
uy(z,\) = q —t\z ge i
—iAz iz S £
| € ranC o re
DyHKIUK U~ MOPOXKIAFOT HHTETPAITBI
) = [ Nyle)de, A€ R

KOTOpbIe cxomiaTest o HopMme Lo(R) u onpenernsiror orpanndenusie onepatopbl Uy @ Lo(R) — Lo(R).
Ananornuno (5), onpenenum omeparop U : Ly(R) — Lo(R) ¢ momorpio paBeHcTBa

U = m(x+)U- +m(x-)JUs.
Teopema 5.7.1. Onepamop U sasnsemca yacmuunoii uzomempueni. Cnpageonugvl modxcoecmea
vur=1, UU=1-P,

20e P : Ly(R) — Lo(R) oonomepnuiii npoexmop onpedenennviii paseHcmeom

o0

Py(x) = |;i| e~ 3 le=¢l / e’%‘t’ﬂy(t) dt.

—00

Hycts a € LW™(R), o¢(z) = €™, r(z) = r_(x)0_9¢(x). Onpenennm Takxe MaTpuubl-GyHKIHK

Al(w) = 5 (r(@) + r(=2)) (a(x) — a(=2)) x4+ (2),

A (z) =
A4 (@) = r(—2)alz),
B (x) = o_ge(x)r(x) (a(—2)x+(2) + a(z)x-(2)),

BZ(z) = 0_g¢(z)r(—2) (a(z)x+(2) + a(—z)x-(2)),

B (z) = 10’—25(96) (r(=z) = r(x)) (a(=z) — a(x)) x-(x),

N~ DN



Teopema 5.8.1. Himeem mecmo pasencmeo
Um(a)U == Wy (a,0) = W(a) + m(x{) (WO(AT) + JWO(BT)) m(x{)+
+m(xy) (WO(AL) + JW°(BY)) m(xg ) +m(xg) (WO(AD) + JWO(BL)) m m(xd)+
+m(xg) (WO(AZ) + JWO(BI)) m(xg ),

2de X{, X¢ — xapaxmepucmuveckue gyuryuu mroxcecms (£, +00) u (—o00, &) coomsememeenno.

OnepaTop WO (a,d) := (W?(a,0)+dP) : L}(R) — L3(R), tne d € C, Gynem Ha3bIBaTh Orle-
paropom m-cBEprkH, a oneparop W, (a,d) = 7 W2 (a,d)7} : L3 (R:) — L3(R.) — oneparopom
m-Bunepa-Xomda.

3ameTum, 4To HauboIee poCcToi Buj, oneparopsl W2 (a, d) u W,,(a, d) umeror B ciyuae, Koraa a —
yéTHas MaTpula-QyHKuus. J[eficTBUTENIbHO B ATOM Cilydae

At =A-=B*=B; =0,
Bi(2) = o_se(a)r(a)a(—z), B=(2) = o_se(a)r(~)alx).

B 51011 m1aBe NpUBENEHO MOIHOE UCCIEAOBAHNE 3a1a4H Pa3pEIIUMOCTU YPaBHEHUS

Wo(a,d)y=f. fe L;(R). ©)

O0603HaunM yepe3  QyHKIHIO, OnpeneaeéHHyo o Gopmyre

o) = W exp (o - ).

auepe3 A, : Ly(R) — C dynxiumonan, neiictByromuii o gpopmyie
Ay = / p(x)y(z)de.

Teopema 5.9.1. ITycmo a € L (R). Aua paspewumocmu ypasnenus

Win(a,0)y = f (7

6 npocmpancmee L3 (R) neobxooumo evinonnerue ycuosus

As@(f) =0.

IIpu evinonnenuu 3moeo ycnosus, ypasuenue (7) paspewumo moeoa u monvko moeoa, koeoa ¢ Ly(R)
Pa3peuumo ypasHerue

m(a)z =Uf. ()

Teopema 5.9.2. [Tycmo o € L"(R), d # 0. Toeoa ypasnenue (6) pazpewumo ¢ L3 (R) moeoa u
moabko moeoa, koeoa ¢ LY (R) paspewumo ypasnenue (8).

Crnenytomiast TeopeMa JaéT He0OXOAUMbIE U T0CTAaTOUHbIE YCIOBUS (HPPENroIbMOBOCTH U 0OpaTUMO-
ctu oneparopa W2 (a, d).

Teopema 5.9.3. ITycmb onepamop a € L™*"(R), d € C. Onepamop W (a, d) ¢ppedzonomos mozoa
U MONLKO M020d, K020a 8bINOIHEHO YC08Ue

essinf,cg |deta(z)| > 0.

Hpu 6bINOJIHEHUU 9020 YCl06UA
Ind W? (a,d) = 0.
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IIpu d # 0 onepamop W2 (a, d) obpamum. Ilpu d = 0 umeem mecmo pasencmeo
ker W? (a,0) = coker W? (a,0) = span{i}.

Ompenenennsie Ha nonyocu R, oneparopst W, (a, d) uMeroT ropasmo 6oiiee CI0KHYIO CTPYKTYPY,
uem WP (a,d). Uccnenosanue 5TUX OMEPATOPOB CBOAMTCS K MCCIIENOBAHUIO CHHTYIISPHBIX HHTETPAIIb-
HBIX OIIEPaToOpoB ¢ OTpakeHHeM (bosee moapoOHO cM. [33]). DTo 0OCTOATENHCTBO MO3BOMISIET UCCIEO0-
BaTh (PpearoIbMOBBIE CBOMCTBA STHX ONEPATOPOB.

ITycts onpenenénnas Ha R Marpuna-¢dyHKIus ¢ 3a1aHa GopMysoi

(x) = (aﬂw) - rgmr(—x)a(—x) —02§($)T(—x)En) |

) (2) E, (a(~2))™ ©)

e at(z) = a(z) + 5(r(z) + r(—2))(a(z) — a(—z))x+(2), a E, — equHA4YHas MaTpHLa IOPsIKA 1.
CripaBe/lIMBO CIIEAYIOIIEe YTBEPIKACHHUE.

Teopema 5.11.1. Ilycms £ < 0, a € PC™", d € C, a mampuy-ghynkyus c onpedenena no popmyne
(9). Toeoa onepamop Wp,(a,d) : Ly(R,) — L3(R,) sersemea ¢pedeorvmoseim mo2oa u monvko
mo20a, K020a 6bINONHEHbL CLeOYIOUWUE YCILOBUSL:

(1) essinf,eg_ |deta(z)| > 0;

(2) detc(z£0)#0,0182 € Ry u
iar det/\-(x)—l—lgéz
o NN Ty B8

ona ecex v € Ry u scex cobcmeennvix suavenuii \j(x) mampuywt c(x — 0)c(z + 0);

(3) ypasnenue
det (\*E,, — (a(+00))(a(—00))™") =0,

« ]
He uMmeem peueHul, 1elcauux Ha ayye {7“614 1 € (0, oo)} .

BecoByIo (yHKIIHIO p OTIpeIeiM paBeHcTBoM p(1) = ||~/

IIPOCTPAHCTBO C BECOM p U C HOPMOM

£l = ( | r@rae dt) -

Kaxk u3BectHO (6051ee moapoOHO cM. [24]), CHHTYIISIpHBIN HHTETpaIbHbIA omneparop S OrpaHuYeH B IPO-
crpanctBe Lo (R, p), a oneparop Py = (I +S) siBisiercst mpoeKTopoM. PaccMoTpiM BecoBoe IpocTpaH-
ctBo Xapmu Hy(R, p) := P Lo(R, p).

[yctb a € L™(R) u a := Ja. Marpuny-¢dyukuuio g(z), z € R, onpeaenum mo popmysie

1 0603HaunM uepe3 Lo (IR, p) neberoso

a arog rogekb, aroe
0 ¢E, B, 0 0
9(x) = 0  roeE, (1+r)@" roE,
0 rE, oc(l1+r)a)t (1+4+7r)E,

O‘IGBI/IJIHO, YTO ITPU BBIIIOJHCHUUN YCIIOBUS

essinf,cg_ |deta(x)| > 0, (10)
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g € Li4(R,). Onpenenéunyro na R marpuiy-gyukuuo G nopsaka 8n onpenenum mno popmynam

= (HYP WP B e,

0 E2n
YT\ 28, B,  TERS
e

, _ (0 Ey
EQn - <En 0 .
Paccmotpum Takoke TerumiieB oneparop (cM. [8])
T(G) = Py m(G) : Hy"(R, p) — Hy"(R, p).

Teopema 5.11.2. Ilycms & > 0, d € C, a € L™ (R) u ¢pinonneno ycrosue (10). Onepamop W, (a, d)
(ppedeconomos mozda u monvko moeoa, kozoa gpedzonvbmos onepamop T'(G). B cryuae ¢ppedonbmoso-
CMu 3Mux onepamopos umeen mecmo gopmyna

Ind W,,,(a,d) = IndT(G) — n.
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Abstract

The dissertation consists of an introduction and five chapters.
The first chapter provides the necessary information from the theory of the Sturm-Liouville equation on
the real axis with a potential v satisfying the condition

/ (1+ |2 Jo(@)]dz < oo,
The construction of a partial isometry U that diagonalizes the self-adjoint Sturm-Liouville operator £
is provided: U*m(a)U = m(\?), where m(a) is the multiplication operator by the function (or matrix-
function) a. Some properties of eigenfunctions in the case of reflectionless potential are given, along with
the explicit form of the Jost solutions and the transmission coefficient in the case when the scattering data
is{—(\+1)7',0,0}.

The second chapter presents the necessary information from the general theory of Fredholm operators and
the theory of Toeplitz operators. The class of multipliers M, ,, - is defined. In the weighted Lebesgue
spaces L,(R,w), where w is a Muckenhoupt weight, the £-convolution operator W2(a) with symbol
a € M, is defined as the continuous extension of the operator U*m(a)U from L,(R,w) N Ly(R)
on L,(R,w). In the case a = (a;;) € M, ", the L-convolution operator is understood as the operator
Wi(a) = (Wp(a))} =, Using the operators of embedding 7 : L,(R,,w) — L,(R, w) and projection
my ¢ Ly(R,w) = L,(Ry, w), the £L-Wiener-Hopf operator is defined as W;(a) = 74 Wp(a)n5. In the
case when £ = [ (i.e., zero potential case), these operators coincide with the classical convolution and
Wiener-Hopf operators.

In the third chapter, the Fredholm theory of the matrix £-Wiener-Hopf operator in the spaces Ly (R, w)
is constructed in the case of a reflectionless potential and piecewise continuous symbol.

The fourth chapter studies the operator 7} : L,(R, w) — L,(R, w), acting by the formula
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dolx) / o(s) y(s) ds,
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and operator 7 : Ly(R,) — Ly(R,), acting by the formula
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where the function & belongs to the subspace L; (R)N Hy(R) (Ho(R) is the Hardy class). Besides, suppose
there exists a function d such that d,d’ € L;(R) and d” = k. The operator T} is realized as the L-
convolution operator with symbol a(z) = —sgn(x) in the reflectionless potential case, and the operator
T is realized as the £-Wiener-Hopf operator with some symbol in the case of scattering data {—(\? +
1)~1,0,0}. These facts allow the study of the invertibility of the operator T;; and the Fredholmness of the
operator 7.

In the fifth chapter, continuous functions e (x, A) on R are defined, which satisfy the differential equation
—y" = A%y on the sets (—00, &), (§,+00), £ € R, the equalities e4 (7, \) = ¢ for +-(z — £) > 0, and
the boundary condition

d d
%(5 L0, — %(5 —0,)) = —qy(&,N).

In complete analogy with the first chapter, using these functions instead of the Jost solutions, the operator
U is constructed. The equalities UU* = I, U*U = I — P are proved, where P is a one-dimensional
operator. The operators W (a,d) = U*m(a)U + dP, (a € L.(R), d € C) are not L-convolution
operators. Despite this, it is proven that the operators W, (a, d) and W,,(a, d) = 7. W} (a, d)7 possess
invertibility and Fredholm properties close to those of the operators W2 (a) and W (a), respectively.
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