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Uoluwwmwuph punhwunip punypwqghpp

Edwjh wpnhwlwunieniu

([FJwplywdwu Yndphuwwmnphlwu (enumerative combinatorics), npp nwnid £ nyjwy
pwqgunipjwu  dbo npnpwyh hwwyneniuubpn  odndwd  hwdwlwnpgbph  gnnuejw,
Ywnnigdwu b pwuwyh guwhwwndwu fuunhputp, nhuypbn dJwpbtdwnpywih Yuplnp §jnin k:
([FJuwplywdwu Yndphuwwnphlwih fuunhpubph pYnd BU' n-ququpwhu ns hgndnpd
gpwdutinh pwuwyh npnondp npnawyh hwwnynipniuutiph nbwpnd, wdpnnowpyh gdwjhu
Spwapwynpdwu  fuunhpubph  nwdnuiubph pwuwlh  npnpndp,  phdhwlwu  wnwppbpp
hgnudtiputiph pwuwyh npnanwip b wyu: Ldwu fuunhpubipp NWEINL wjwunwywu W wjunpbu
ogunwgnnpdynn dkipnn k gbubpwgunn $niuyghwubiph nwuwlwu dbennp (Generating Function
Methods in Combinatorics, Analytic Combinatorics), npp ubipwnnid £ &. Mnywh (G. Pdlya), L.
S. nb PpLjup (N. G. de Bruijn) b &. nbk P. Mnphuunuph (G. de B. Robinson) pywnlydwu
ptinpGdutpp:  Uwlwju qbubpwgunn  $niuyghwubph  dbpnnp  wwhwuond £ ndkip
wunpwnwnpd hwpwpbpnignuubiph gnjnueyniu, husp dhaw sk, np hpwagnpdtih &:

([FJwplydwu  Yndphuwwnnphwynd hwébwfu Gu  hwunhwynd  fuunhpubp, npnup
Yybpwpbpnwd Gu npnawyh uwhdwuwthwynwiubpny opjEyunubph pwuwyh quwhwwndwup:
Thwughg  Gu, ophtuwly, nuphdnqw]  dwuwdp  Yupgwynpywsé  pwqunggniuubpnud
hwywonpwutph pwuwyh npnonwip, nbgnyywp gpwubpnd wulwiu  pwqdnieyniuubph
pwuwyh npnonudp, fudpbpnud b puwlwu pytpnud gdwiht hwyjwuwpnuubph nwdnwiubiphg
wqwwn hwjwpwsdniutiph (3<LUL) b pwqgdnipniuutiph (3<LUP) pwuwyh npnonudp, huswtiu
twl fudpbpnd wpywé pwuwyh Gupwpwqdnuyeniuutiph gnwwph wnbupny ubpyuwjwgynn
pwqunieniutubph  pwuwyh gquwhwwnwip: Npwbu  Jwunt, Udwu fuunhpubph  hwdwp
pwgwlwind  &u nwdbh  nbynipbun hwpwpbpnuyggniuubpp: W huly wwwnbwnny,
dwutwynpwwbiu, FLLUL-Gph W F<LUR-Gph pwuwlh npnadwt fuunhpubpp (ndtiint hwdwp
dawlyti| £ gpuwtniutiph dbennp

Snudwphg wqwun pwqdnipniutbpp wnweht wugwd hhpwwnwyynd Gu huwh Snipp [1]
1916 . wyluwwnwuph dbg, npuntin Uw nhunwpynwd £ puwywt pytiph Yudwjwywu yepowynp
ubipynud W hwuwnnwd, np npuiugnid gnpnuegntt nubiu dnunfupndwwnply Bnywyubp' gndwpdwu
gnpdnnnipjuwidp: Wu qunwihwpp Uwywwwy niubp bywunbp SEpdwih d6é  elinpbidh
wwwgnigdwup, pwjg hpwlwunwd hphdubkg Tniph pybpp UL oqutig uwwuw] MNwdubjh



wnbuniejwu  dh  owpp  wpryntupubp: b, Cnipp oguwgnpdtin  gnwwphg  wquin
pwquntpniuttipp wwwgnigbg, np
x™ +y™ = z" (mod p)

hwywuwpnuip dhonn nwup ndnd puwywywtuwswih 466 p-tiph hwdwp:

1. Schur I. Uber die Kongruenz x™ +y™ = z™ (mod p) // Jahresbericht der Deutschen
Mathematiker-Vereinigung (European Mathematics Digital Library). 1916. 25.  P.114-
17.

A pwgqunteiniup Ynsynwd £ gnidwphg wquiwn, tiph gwulugwsd x,y € A hwdwp x +y € A, wy|
Ubpw wuwd' x + y = z hwwuwpnuip sniuh Ndnd A pwqdnigniuntd:
1985 pywlwuhu M. Ywdbpnup [2] nwnwWuwuhpbp £ puwlywu pybph pwqguniewu
gnidwphg wqww pwqdnueniuubiph punwuhph <wnwnnp$h swihp, W Gupwnpb, np wju
hwywuwp £ 1/2: Wu tuunph $huhnpqugndp nwpéb) £ puwywu pybph ulygptwlwu
hwundwdénud gnidwphg wqwwn pwgunigyntuubph pwuwyh npnadwu hhdpp: Uju phidwwnhluwih
hGnwgw purqwiunwWp b nwnwuwuppndp Yuwdws £ Ywdbpnu-Epryngh - hhwnpebgh
Guwybpwdwu htw, 1988, npp Gupwnpnu Ep, np puwlwu pbph [1, 7] hwwndwdnd gnidwphg
wquwn pwqdnipiniuubiph pwuwyp 0(2™?) £ <hwnptqp hpwphg wulwiu wwwgnigh) bu
U tipuwunp Uwwndbuynu b PGU Sphup [3,4]:
2. Cameron P.]. Cyclic automorphisms of a countable graph and random sum-free sets //
Graphs Combin. 1985. 1. P.129-135.

3. Canoxenko A.A. Tunotesa KamepoHa-Opaéwa // Ookn. PAH. 2003. T.393. Ne 6.
C.749-752.

4. Green B. The Cameron-Erdos conjecture // Bull. London Math. Soc. 2004. 36(6). P. 769-
778.

SGnwwphg  wqww  pwqdnyeniuubph pwppnd - wnwyb]  hGwwppppnieyntu - Gu
ubpywjwgund - wnwybjwgnyu  pun  hgnpnipjwu,  wnwybjugnyu  pun  Ubpwndwu
pwqdnieniuubipp, npnup hwéwlu fudpwynpynud Gu jnipwhwnniy Ywnnigwdpwihu aubpp’
gpwunyutiph dbg, huswtiu ophuwly Y&un pYbph pwqdniegnut &, Ywd (n+1,n+2,...,2n)
«Uibid» pytiph pwquniejniup [1,2n] hwwndwdnd: Snwdwphg wqwwn pwqdnipniuph pwuwyh
guwhwwnwip ubpnnpbtu juwyws £ upwug wnwybjugnyu pwqunieyniuubiph Yunnigywdph
U npwug mbnwpwsgfudwu hbwn, wjuhupu gpwunywp Yunnigjwédpubiph hbwn: <Gunwgnunwwu
whpnyep (wju b U pungpynd b dwpbdwwnpluwih wwppbp ninnnieyniutbp, win pynd’ pybph
nbunieintu, hwupwhwohy, tpuwnpbidw| Yyndphuwwnnphlw, dnipjbh wuwhg b wyu: Wuwnbin



Guwynpytp Gu  hGwnwgnunwywu  gnpdhpubp L dEpnnwpwuwlwu  pwqw, npp
huwpwynpnieyniu £ wdlp  unwuw  hpduwpwp  wpryniupubp gnidwphg wquin
hwwpwdnwubiph (pwqunipniuutiph) hwdwp: Wn pynwd Gu nbgnywnp hhwbpgpwutiph L
dnunnnu Pnywu $niuyghwubiph dhongny wnpynn ubplwjwgnudubipp, Yndphtuwwnnphywih
hwjwuwlwuwihu  dnnbjubpp,  Jbpowynp  pwqdnipyniuutpnd wpynn - Snipjbh
Guwihnfunigyniuubpp b wyp dninbignudubin:

Wu wdtuh wbnwthnfunwip b punqujunwip wnwyb) punhwupwlwu (k1) dnnbjubpp
nwnwuwuhpdwl dbe ((k, 1) dnnbiubpp fuunph enyp nunwWuwuphpgwd dwut £) wwhwugnid
upwé dbpnnninghwih [pwdwynwd b punwjuntd hug b wpdwé £ unyt wofuwwnwupnid:

Uwutwynpwuwbtiu, funupp qunud t (k, 1)-gnwdwphg wqwwun hwjwpwdniubiph dwuht:
(A1,..., Agy) hwdwpwdnu Ynsynd £ (k, D)-gnidwphg  wquww, bGrb gnniygnu sniup
hwlwpwént (ay,...,axs;) € Ay X...X Ay, npp hwunhuwunud £

x1+. . +xk = xk+1+. e +xk+l!

hwlwuwpdwu ndnid:

<hdundh nwnwuwuppyb] £ bwb wiy nbwpp bpp hwdwpwénih pwqdnieniutipp
hwdpulund GU' 4; =...= A4y, wyuhupt’ (k, D-gnuwphg wquin pwqdnipjwu nbiwpn:

Lobtiup bwl nhnwpyynn fuunhpubiph Yhpwnwlw dwup: Ywunpwnwnuwup day fuunpp'
huntptipbughwjh  fuunpht:  EGYunpnuwiht vwpptipnd,  hwnlwwbu  ng  gdwhu
dhowywjpubipnud, Sdwupwpnuwdéniypjwu U wpwwlwpg  ppwypbwlyubpnd  wwpynn
woluwwnwupubph dwdwuwy gbubpwgynud Gu hwybyw] wugwuywih hwpdnuplubp: Gpb f-p
U g-u uwpph wotuwwnwupwiht hwéwuwlwunyeniuubp Gu, wwyw wdkuwphsp wnwowuntd
Gu f £ g whyh wqnwupwuubp: Liwtwwhw hwdwuwywiuwht fuwnunipn wnwewund k
punntuhs Yuwjwuubpnd, npintin wtwp E wwppbpb) punniudwi Gupwlw hwnnpnwgpnieyniup
fuwnunipnhg:

Wu nbwpnud, Gpp hwnnpnwygdwu dwutwyhgubph pwuwyp d66 £ b wywhwugynwd &
upwughg jnipwpwsinipht W pninphtu hwinlwgub| gnidwphg wqwin hwéwluwlwunye)niuubn,
wjuhupt, Ywupunp £ hdwuw| udwu pwginieyniuubph pwuwyp b Yuwpnnww] wju npnhbg
hwlwwwwnwufuwu dwubph:



Upfuwwnwupnud  hbGwnwgnuiniegniuubph wju dwup Yuwynd £ nwnwpubph ubpphu
wofuwwnwuph U nwnwpubpph  Jwutwygnipjud  Jugddws  nwnhnhwwfuwlwuwhu
donwnpunwpydwu hbw:

SGnwdwphg wqwwu  pwqdneniuutph bW ppbug  wwpwpunye punhwupwgnuubiph
ptdwwphywu dJdhus opu wlwnuw L UdGEU wwpph dGdwehy pwuwyh ghwnwlwu
wofuwwnnieniuutp Gu hpwwwpwyynd wju pEdwnhlwny:

UWhiwwnwuph twwwmwlu nit fuunhpubpp

Uptuwwnwuph uwywwnwyp tpunpbidw) Yndphuwwnnphlwjh W dnipjbh gnpdwyhgubiph
Jbpndnieywu dbpnnubiph oquniejwdp dowlb) «gpwunyubph punhwupwgyws dbpnn»: Snyg

nwy, np Jnipupwuginip pwjwywu dbd gnidwphg wqun hwjwpwdnt fwd gnidwphg wquin
pwqguniRiniu ntuh npnawyph «wywppbpwlywu» Yunnigwép: Sw| winwhuh Yunnigwsdpubiph
uywpwghpp: Snyg ww|, np gnwwphg wqwu  hwjwpwdnit  (pwgdnyeniup)  wjn
Ywnnigwdpubinhg jnipwpwginipp Ywd «gpbipti» wdpnnontpjwdp gunud t, Ywd «gnpbipb»
nwwnwny b pnnund wju: dnipjth gnpdwyhgubiph ybpinwdnipjuu dbpnnubiph ogunipjwdp
wwuwgnigt, np  hwjwuwpdwu  nodnwubph pwuwlh  Jpw  wgnnud £ dhwju
pwquntpjwl Yunnigywdpwiht dwup: huly pwuh np pniu pwqdnieniup gnidwphg wquin
www wyn Ywnngwdpwihu dwuu b wbwp £ |hup gnwdwphg wqww, npp hp hbpehu
huwpwynpnuginiu £ wwihu pupn fuunhpp pbipt wybih wwng dnnbh:

Upfuwwnwuph fuunhpubiphg Gu' dowlyws dbennh Yhpwndwdp unwuw] gnwwphg
wqww hwywpwdniubph W gnidwphg wqww pwqdnigniuttph pwuwyh wuhdwunnunhy
guwhwwnwlwuubpp Upbgwu fudpnd bW wdpnng pybph uygpuwywu hwindwdnid, huswbu
uwl, wyn dbpnnh Yhpwndwdp guwhwunt| mpjwsd pyYny LGupwpwqgdnieniuutph gnwdwph W
wmwppbpnigjwu nbupny ubipywjwgynn pwgdnyeniuubiph pwuwyp Upbywu fudpnid:

Fuunhputiph djnw funwipp - pytiph gnudwpdwtu nbuniejwu (Additive number theory)
U wnhwhy Yndphuwwmnphlwyh (Additive combinatorics) dbennubiph Yhpwndwdp quwhwwnb)
wnwybjugnyu  gnwwphg wqwwu  hwjwpwdnth U wnwybjwugnyu gnwwphg  wquwn
pwqgunipjwu hgnpnigyntup b bwpwanbip npwug Yunnigywédpn:



Lhnwgnundwu dEpnnubkpp

Upfuwwnwupnud ogunwgnpdynid U pybiph gnidwpdwu nbuntpjw (Additive number
theory), wnhwnhy Yndphuwwnnphlwh (Additive combinatorics) UL dnipjth gnpdwyhgubiph
dbpndniggwu  dbennubpp: Upfuwwwupnud  dowydb) £ «gpwunyubph  punhwupwgywd
dbpnnp»:

Spwunyubiph dbpnnh  Enyginiup Yujwunud £ Upwund, np nwinwdtwuhpynn
op)Gywnubiph pwuwyp quwhwwbint hwdwp Yunnigynd £ wjuwbu Ynsywd «gpwuntubph»
punwuhp wjuwhuh, np nwnwuwuppynn jnipupwtgnip opjGyunutiph wdpnnoniejwdp Ywd
«gpbipb» wdpnnoniejwdp puywd £ punwuphph npuk gpwunih dbe: Spwunyubph pwuwyp,
hptiug hwwiny Ywnnigywdph 2unphhy, wybih hbown £ quwhwwnb|, pwu nunwuwuphpynn
pwqunipniutbiph pwuwyp:

Wu nbwpnd, Gpp gnpd niubup dwnwuqulwunigjwt hwwnynigintt  niubign

op/iywnubph pwuwyp quubint fuunhputph hbn, www pwuwlh |nqupphpedh uwnnpphu
quwhwwnwlwup unwuwint hwdwp hwéwhu pwywlw £ ubippuhg quwhwwnb) opjynubph
wnwybjwagnyu hgnpnieyntup:

dnipjtih gnpdwyhgubiph ytpinidnieiniu:
Ythgnip G-u n Yupgh Upbgwu fundp k, huy Rp b C-Uu hwdwwwwnwufuwbwpwp

hpwywu b Yndwbpu pybiph pwadniejniuubpu Gu, by @ ¢ - C wpnwwwunytipnd £ wjuwhuhp,
np Yuwdwjwlwu x,y € ¢ hwdwp wnbnh niubu hbnlyw) hwwuwpnyeyniuubpp'

YOl =1 y(x+y) =yx)y»):
Wuwhuh wpnwwwnltipnwp Ynsynud £ G fudph punyewgnhs: G fudph pninp puniygwgnhsutiph
pwqudnieyniup Upwuwlbup I-ny: Lwwnbup, np I-u Yugdnud | fundp' 4 * v, (x) =y, (x) v, (%)
gnpdnnnigjwidp: Yddwp sk wbuub), np G-u U F-u hgndnpd Bu: Wuwhuh punigwgphsubipp
niubiu hbwnlyw| wnbupp'

y(x) = 2oL,

npintin ¢ : ¢ - R, b juwdwjwlwu x,y € G hwdwp wnbnh niuh hwjwuwpnigynitup

p(x) + 9(y) = ¢(x +y) (mod 1):

L{wuwnbup, np wbinh niubu hwwuwpnyeyniuubpp'

y(=x) =y () =y 1(x):

Llwunbup twl, np wbinh niup hbnlyw) wnusnieiniup (oppngnuwnyejwu hwwnynieiniu)'



0,tpk x # 0;

Zy(x) z{n,b[ab x=0:

ver
f:G->R $nuyghwh dnipth suwthnfuneiniu Ynsynd £ F: 7> C $niuyghw, npp
uwhdwuynud £ hbunlyw) Yepw'
f =) r@re:

XEG

Stinh niup bwl hbnlyw) wnusnigyniup’

F0 =) fey @ =) FerG) =

XEG XEG

= D £V = ) FOy (=0 = ) fErTH@:

XEG X€EG XEG

Nhgnip £, g : G = R: Ynuynynighwt uwhdwubup htnlyw; Yepw'

(Fg)@® =) f0Igtx )

yEG

Tthgnip A-u b B-U G Upbpywu fudph ny nwwwply Gupwpwqdneniuubp Gu: A(x) U B(x)
Upwuwybup hwdwwwwwufuwuwpwnp A U B pwqdnipjniuubph punypwagnhs $niuyghwutipp:
Cwdwdwju  Ynuynynighwyp  uwhdwudwt' (A *B)(x) hwdwuwp b wjiu (a,b) EAXB
hwywpwdniubiph pwuwyht, npnug hwdwp wnbinh ntuh hwjwuwpnieniup x = a + b, wjuhupu
x-h ubpYwjwgnuwiubiph pwuwyp a b b wmwnpbiph gnwwph nbupny:
Unpwnpy Yndphuwwmnnphwynud dnipjth gnpdwyhgutipp ybpnidnipniup gnwdwphg wquin
hwywpwéniubiph nunwuwuhpnigjwu hhduwpwnp gnpdhpu

Uwhdwunid: A pwqdnipniup Yngynud £ gnidwphg wquiw, tigh x + y = z hwjwuwpnidp sniuh
(nwnw A pwqunipjwu dbg:

Uwhdwunid: (4, B, €) hwjwpwdniu Ynsyntd £ gnidwphg wquin, beb x + vy = z hwjwuwpnuip
sntup nwdnwd, npinkin x €4, y€ B, z€ C:

“Yhwwplybup  gnwdwphg  wqwun  pwqdnigniuubpph W gndwphg wquin
hwywpwéniubiph nbwpbpp wnwudhu wnwudhu:



thgnip 4 € G gnudwphg wqwwn pwgdnientu £: A(x)-ny tpwuwybup A pwqunyejwu

punipwanhs $niuyghwu: Rwuh np x + y = z hwjwuwnnwdp sniuh ndnwd A pwqunipjwt dby,
www inbnh niuh hwjwuwpnientup

AxAx) =0, x€A4
Ywd np unyu £

A(x)A(y)A(z) = 0:
X,y,ZEA
x+y=z

Yhpwnbny opengnuwiniejwu hwwnynientup, junwuwup

1
AWAWAED) = ) AWAWAD | Y v a+y-2) | =

X,y,ZEA X,y,2€G ver
x+y=z

1
= ) A@AWAD | 2D ¥ o2 | =

x,Y,2€EG yver

=y (Z A(x))/(x)> <Z A(y)y(y)) (Z A(z)y(—z)) =5 () am:

YEI \x€G YEG ZEG YEr

Ujunbinhg unwunid Gup, np

> () Ao = o

YEr

Llwwnbtp, np y = 0 ntwpnul (4(0))° = |AI3, husp «dtid» ph k:
dbipohtu hwywuwpnieiniuhg uinwuntd Gup, np
~ 2,\— ~ ~
4P = = > () 40 ==Y JAmI*Ae)

YEI YEr
Y+0 y+0

Nubup uwl, np

DA =n ) 1A = nl4l

yer X€EG



Lhnbwpwp Ynwbuwup

41 = |- A A | < Y lao)l <

YEr YEr
y#0 y#0

~ ~ 2 ~
< r;lgg(lA(y)l ;IA(V)I < r;lgg(lA(V)l (n]A]):
Y#0

Wuwnbinhg uwnwuntd Gup, np

|AJ?

maxlAm] = ==

Wuwhuny, unwgwup, np gnnigintu niuh wnujwqu by y = 0, nph nbwpnwd pwquntejwu
punipwgnhs niulghwih Snunjbh gnpdwlhgp «dtd» t:
“thuwnwnybup Gpynt ugbuwnp.
Ugtuwp U: bebt 4 pwqunipjuu punipwgphs  pniuyghwih pnnp y =0 Dnipgkp
gnpdwlhgubp  «thnpp» G (rgggelﬁ(y)l <eld]), www A puwqdnypniup  niuh
«wwunmwhwlwu» Yunnigywdp:
Ugtiuwp P: Gpb A pwqgunipgjwu puntewgnphs $niuyghwu nup gnub dbY «dbd» dnipjbp
gnpdwlhg (y # 0), wwyw A pwqgunigintup niuh «<wywppbpwlwu» Yunnigywsdp:
Wjuwhuny unwunwd Gup, np gnidwphg wquwn pwqdnieiniup sh Yupnn (hub] «ywwnwhwlwu»
pwotujwsd, wju wwpuwnhp wbwp b niubuw «dbd» dnipjtiph gnpdwyhg, husp bpwuwynud L,
np pwadnieintup ntup npnawlh «wywppbpwlywu» Yunnigyudp:
Unuynpnighwt wyunbin Swnwynd £ npwbu <hwynuwpbpnn»' wju gnyg £ wwihu
wprynp pwadniginiup pwofuyws | «wwnwhwlws, ph" niup «wywppbpwlwu» Yunnigywsp:
bninh gnpdwyhgubiph ybpndnigynitup eny| £ wwihu wnbuub] pwgdniegjwu dby
pwpuywd wwppbpwlwunieyniuubpp: Gpb pwqdnientup sniup «dtd» dnipyh gnpdwyhgutp,
www wju hpbu wwhnud £ npwbiu «qunwhwyws:
Ujdd nhwnwnpybup gniwdwphg wqwn hwywpwdnih nbwpp:
“thgnip A-u, B-u b C-u ¢ Upbywu tudph ny nwwwnly Gupwpwqdnieniutbp Gu:
A(x),B(x),C(x)-ny Uowuwlybup hwdwwwwwujuwuwpwnp A4,B,C  pwquniegniutbpp
punuawgnhy $niulghwbinp:



Tthgnip (A4, B, €) hwjwpwdniu gnidwphg wqww E: Lwup np (4, B, €) hwjwpwdniu

gnwwnhg wqww b, www wnbnh niuh hbnbyw; hwwuwpngnaap'
(A*B)(x) =0, x € C,
Ywd np unyu £

A(x)B(y)C(z) = 0:
XE A, YE B,z€E C
x+y=z

Yhpwnbny opengnuwinipjwu hwwnynyentup

1 N s AT
AWBGIC@) = > ANBOITKY:
X€ AYEB,zEC Yer
x+y=z

Ujunbinhg unwunwd Gup, np

D ANBOTm = o

yer
Llwwbup, np y =0 nbwpnwd dnipjth gnpdwyhgubiph wpwnwnpjuih hwdwp wnbnh nwh
hwywuwpnipiniup' A(0)B(0)C(0) = |A||B||C], husp «dtd» phy & huswbiu gniwphg wqwwn
pwquniejwl nbwpnid gnyg wnytighup' pwuh-np punhwunip gndwpp 0 &, huly ¥ = 0 nbwpnud
gnidwpbhu «dbd» £, www gnpniginiu ntuh wnujwqu JdbYy ¥ # 0 wjuwhuhu, np dnipgbp
qnpdwyhgubinh wpnwnpjwip «dtd» £

|Al1BlIC]

max |A()’)B 2 (V)l > :

Grb Snipth gnpdwyhgubph wpwnwnpwip «d&d» £ npnowyp y = 0-6ph hwdwn,
www nw Ywuwynwd £, np pwqdnieyniuubpp niubu udwuwwnhw wnhnpy Yunnigwsp: Uw
Ugwuwynwd § uwl, np pninp 4, B, € pwquniegyniuutipp dJhwdwdwuwly wbwp £ niuGuwu unyu
«dtid» ng qpnjulwu dnipjbh gnpdwyhgubip:

bnipjth  gnpdwlhgubiph ybpinwniegniup pny;  wwhu gunubp dh punhwunip
Gupwlwnnigywdp, npwntin pninp pwqgdnieniuubpp gniguwpbpnd Gu ny «wwwnwhwywu»

Juwpp:



Uwpebdwwhynptu hhduwdnpybg, np gnidwphg wquwn pwqdniejniup sh Yupnn |hub;
wwinwhwlwu: Grb pwqdniegniup |hubp wwwnwhwlwy, upw ns gpnjulwl (y # 0) dnipjth
gnpdwlhgubpp Yihubhu 2w «thnpp», W upwup sthu Yupnnwuw «gpnjugubpy hhduwywu
(¥ = 0) wunwdp: <Gwmlbwpwp, gnwphg wqwu pwqinieniup wwpunwnhp nwh «dbé»
bninh gnpdwlyhg, husp Vpwuwynwd £, np wju nwh fuhunn npnawyh «wywppbipwywus
Yuwnnigwdp:

ULnyu hpduwynpnuny unwund Gup, np gnudwphg wqww hwywpwdnth nbwpnid
hwywpwdnth pwqgdnieyniutbpp whwp k niubuwu udwuwnhwy wnhnpy Yuwnnigwdp:

huswhuht bU win «wwppbpwywu» Yunnigdwdpubipp.

Pnph pwquntp)niup (Bohr set) wnhwnhy Yndphuwwnnphlwh hhduwlywu hwulwgnieginituubphg
E, npp hwunbu £ quihu npwbu Bupwfudph «punhwupwgywsd» tnwppbpwy:

“thgnip G-U n Yupgh Upbywu fundp t, huly I'-b G-h punipwgphsubiph fundpl t:

Pnph pwqunteinwu Ynsynwd £ wju B(I3, 8) € G Gupwpwgdnieniup, npp uwhdwuynud £

B(I},6) ={xeG|VyelL,|1—-yX)| <6},

npnbn L ST punipwgphsubph Gupwpwqdneniu £, b Ynsynd £ Pnph
pwquntpjwu swihnnulwunyeintu, huy & € (0,2], L Ynsynid £ pwnwyhn:

Pnph pwqunieiniup wju «funwwwpu» k£, nph dby wnbnwynpynd Gu gnidwphg
wqww  hwjwpwdniuubpp  (pwqdnyeyniuubipp)’  hpbug  wnhwhy  hwnynieniuubpp
wwhwwubnt hwdwn:

Pnph  pwqunipjwu  hwpwyhg nwup (Bohr set coset) hwulwuwnt hwdwp
wdblwwuwng &up gniqwhbin mwubu £ unynpwlywu Gupwiudpbph hwpwyhg nwubpp hbw:
LUnyu wpwdwpwunipjwdp, Geb niubup B(3,6) Pnph pwqdnipntu, www upw hwpwlhg
ruup Yihuh

x+B(I1,8) ={x+b|be B0}

Pwadnipiwu wminnhndp gpwunyubinh

Gpp  Yphpwnnd  Gup «gpwunyubph»  Gddwu (1.3 L 3.2  wwppbpnyeniuubpnid
wwwgnigwd [Gddwubp 1.5 L 3.1) gnidwphg wquwn pwqdnipjwt Ywd gnidwphg wqwn
hwywpwénth Yypw, wdpnng funtdpp tnpnhnid Gup Pnph pwquniejwt hwpwyhg nwubiph: Wn
hwpwyhg nwubipu k| htug dbp gpwunyubpu Gu:



«Spwunyutiph» Gddwu Gpwotuwdnpnud £, np gnwdwphg wquu  hwywpwdniu
(pwqunteyntup) Pnph pwgdnipjwu hwpwyhg nwubphg jnipwpwusiniph ubpund (gpwuntubph
dbe) hpbu wwhnwd £ owwn wuwpg' Ywd «gpbpb» wdpnnoniejudp |gund § hwpwlyhg nwup,
Ywd «gpbeb» nwwwpy £ pnqund wjiu: Wu dnnbgnwdp pnyp £ owwihu fuunhpp

nbnwihnfubi| «puttnwgywd» dwlwpnwy, b dEup wjuu sEup bwynd wnwudhu wwnppbphu,
wy| bwynid Gup, E np hwpwyhg nwubinu Bu «ubpwnywd»:

Unwug Pnph pwqdnieginiuubiph dbup unhwywsd Yihubhup wofuwwnt| dhwju Gupwfudpbph
htin: Pwyg, pwuh np Gupwfudpbp dhown sk np Ywu, Pnph pwgunieyniuubpp thnfuwphund Gu
Gupwfudpbphu: Ywup pny| BU nwihu wub) «Uju gnidwphg wquin pugdniegniup udwt b
pYwpwuwywlu wpngpbuhwihu», npnbn win wpngpbuhwu  htug  wwpqwgnyu  Pnph
pwqunigniuu £ Pnph pwquniegniuubpp pnyp Bu wwihu uuwpbp gpbpb unyu
hwoJwpyubipp, hus Gupwfudpbph nbGwpnd, pwjg wybih dGd GYniunigyudp:  Pnph
pwqunipniup tupwfudph punhwupwgnidu & Ujuwnbn, npintin jwu Gupwfudptp, wju fupnn
E hwdpulub npwug hbw, huly wjunbn, npunbn sfwt' wjiu unbndnid b «bupwiudpwudwux»
Ywnnigwdp:

Wuwhund, gpwuniwghwt gnyg wybtg, np gwulwgwd «dkd» gnuwphg wquwn
hwjwpwdnt (pwqdniginiu) Ywpbih £ «dnnwpytp dh swn wwnpg Yunnigwdpny' Pnph
pwqgunipjwu dnnbiny: Uw bpwuwynwd £, np «dbd» gnidwphg wqwn pwqdnipniuubpp dhown
nlutu Yunnigywdpwiht wnbup b s6U Yupnn |hub] «ywwnwhwywus:

dnipjth gnpdwlhgubiph Jtpindnieiniup gnyg wnytg, np hwjwuwpdwl nwdnwubph
pwuwyh ypw wgnnu £ dhwju pugdnypjuu Yunnigwdpwiht (gpwunywgywd) dwup: hul
pwuh np pniu pwqunieiniup gnwdwphg wqwin b, www win unnigwdpwihtu dwut b whiwnp
E ihuh gnuiwphg wquin: Uw dbiq enyy b wwihu pwpn fuinhpp pbiptp wydtih wwng, pug
«Ynwhwny» dnnbjh:



Shunwlwt unpnypep

Uptuwwnwupnud dowlyb) £ gpwuntubph punhwupwgywsé dGennp, npp Yphpwnbih £
ns dhwju gnuiwphg wqwuu pwqdnigyut hwdwp' punhwupwgywd Yudwjwlywy npjwd
gdwjht hwjwuwpniubph hwdwp' =1 b 1 gnpdwypgubipny, w) Uwl gniiwphg wqun
hwywpwédniubiph hwdwp:

Spwunyubph punhwupwgywsé dbpnnp enyp £t wndbp quub] gndwphg wqun
hwywpwdnwubiph (pwqunejniuubiph) pwuwyh (nquphpdwlwu wuhdwywununplw Upbywu
fudpnid L wdpnne pYtph ulygpuwlwu hwwndwsénd: buswybu uwl, gpwunyubiph
punhwupwgywsd dbpnnp  huwpwynpniginiu £ b  quwhwwnbp  ybpbhg  wjuwhup
pwqunipniuubiph pwuwyp, npnup ubpYuwjugynd Gu Gupwpwqdnieniuutph gnwWwph L
wnwppbpnigjwu wbupny Upbjwu fudpnud:

Cunwy uYwpwgpybp BU wnwybjugnyu pun hgnpnugjwt (puin ubpwndw)
gnwwphg wqwwn hwywpwdniubiph W gnidwphg wqwun pwgdniegniuubph funnigwdputipp:

Upfuwwnwupnd wnbin gunwé dninbigndubipp, dowyjws dbpnnutpp bW unwgywsd
wpryntupubipp ghnydnud Gu Yytpohu mmwppubiph hpwwwpwynwiubpnd, dwutwynpwwbiu 2025
U 2026 pwlwuubph htnlyw| woluwwnwupubpnut'

1. Alon N, Zamir O. Sumsets in the Hypercube // SIAM Journal on Discrete Mathematics.

2025. 39(1). P. 314-326. doi: 10.1137/24M165569X

2. LeeH. YipC. H, Yoo S. Product representations of polynomials over finite fields //
eprint arXiv:2601.16657. 2026. doi: 10.48550/arXiv.2601.16657

Uwnwgywé wpnniupub wnwlwu tywuwYynieinit

Ynuiwphg wquw hwjwpwéniubph Yppwnenyeyniiubpp pwjwlwuphtu jwiu Gu'
ujuwd mbuwlywu Jwpbtdwunhlwjhg dhtusl nbnGlwwnywlwu wbfuuninghwubp: Unwugpwjhu
ninpwnubipu L.

e [twdubijh wbkunieniu. Snwwphg wquwun hwywpwdniuubipp oginwgnpdynid u Mwdubijh
pYbnh unnphu uwhdwutbp guubine hwdwp (oppuwy' Sniph pYbph dhongny): Cuwn
Enigjwu, npwup oqunud Gu hwulwuwy|, b nppwu d&d Ywpnn b (hub] pwnuwihu
wnywiubph  pwgdnigniup,  twfupwu  npnawyh  Ywnnigywdph  wufunwwihbihnpbu

wnwowuwin:

Geb nwbup |phy gpwd U nignd Bup upw Ynnbpp ubpyb wjuwbu, np swnwowuw
dnunfupndwwnpl nwuyntu, www wjn ubpydwu fuunhpp hwugnu £ pytiph pwgunieyniup


https://epubs.siam.org/doi/10.1137/24M165569X#contrib1

gniwphg wqwu  hwywpwdénwubph  wpnhbiniu: Uw oqunud £ hwulwuw| pwpn
hwdwlwpgbpnud «Yupgh» b «pwnup» uwhdwuwghdp:

Lwoynnwywu Gpypwswihnieginiu. Snidwphg wqwwn Yunnigywdpubipp Yhpwnynid Gu

pwquntpniuutiph gnwWwpdwu (Minkowski sum) htiwn Yuwywd fuunhpubpnud:

(aJtiph wbunieniu b Lwpdnuhy wuwihg. Snidwnphg wqwwn pwqdnieniubpp wyuon 5y

ogunwgnpdynud &U  hwpdnuply wuwhgnd L Yndphuwwnp pybph wbungejuu dby'
Yuwnnigwdpwjhu hwwnynipniuubipt nwunwuwuhpbint hwdwp:

Ynnwynpdwl _wbunieinu. Snwdwphg wqwwn  hwywpwdniubpp  oguwgnpdynid  Gu
ufuwiubp 2nynn Ynnbiph (error-correcting codes) uwluwqgddwu dbyo: Gebt dh pwuh
wnpniphg ngjuiubph hnfjuwugdwt dwdwuwl wgnwupwuubpp Yugdnw Gu gnidwphg
wqwwn hwywpwoént, www hwdwlwpgp Ywpnn b hbonngjudp nwppbpwytbp hpwywu
wqnwuowup wndniyhg Ywd Gpynt wqnuuowuubph  wwwnwhwlwu ybpwnpniwihg
(qnuiwphg), pwuh np wn gnuwpp wwpquwbu gnpniinit gniup eaywwnptih Ynntiph
gwuynid:

Snuwwnhg wquwn hwyjwpwdniubipp hwnwwbu Yupunp Gu ghyihy tupwwnwpwsdpw)hu
Ynntiph unbinddwu dbe, npnup Yhpwnynid Gu gwugwiht Ynnwynpdwt (network coding)
hwdwlwpgbpnw nyjwiutph hnwwih hnfuwugnwit wwywhnybint hwdwn: Optical Code
Division Multiple Access (OCDMA) hwdwlwpgbpnud gnidwphg wquwn hwwnyniegyniutbph
ogunwgnpdnudp  tpwuwynd £, np jnipupwtgnp oguiwwinppng  Ynnp  owwpdwy £
ujwquagnyu pwuwlyh «I»-tpnd wwwhnyb| wnwybjugnyu nmwpwugwnnid:

Suwnuuwgnpnueniu. Npng hbg-pniuyghwutip b qunuuwgpdwu ufubidwubp hhdudwsd Gu

pwqunipniuubph  wjuwhuh nwuwynpnigwu  Ypw, npnbn wmwppbph gnwpwht
hwdwygnieniutbpp Ywufuwwnbubih s6u Ywd nnipu 5U quihu wmpdwsd nppnyehg:

“Ypwup Yhpwnynud GU bwl qunnup pwuwhubph gGubpwgdwu gnpdpupwgnid, huswtiu
uwl ognwgnpdynd Bu qununuwgpwihu $niuyghwubiph wjuwgddwu dby: Ophuwl'
Almost Perfect Nonlinear (APN) $niuyghwubpnid, npnup wwwhnynd U owunhdwy
nhdwnpnieiniu nhdbptughw| hwpdwynidubph twundwdp:

Thuwdhy hwdwywpgbin. Epgnnhly wbunigyniund gnidwphg wquwwn uygpniupp ogqunud |
uywpwgpb] hwonpnwywunigniuubph  hwwynyenivubpp b pYwihtu hwdwlwnpgbpp
«wywinwhwywunijwt wunhbwup»:



Lbnwhwnnpnuwygnieniu. Sndwphg wquun hwywpwdniubpp nwbu jwju Yhpwnnigyntu
wqnwuowuubph  dowydwu fuunhpubpnd: “pwup ogund  Gu uwnbindt]  wjuwhup
hwdwlwpgbp, npnbin wgqnwuswuubph dholt dhowdwnnipiniup (interference) hwuunwd k

ujwqugnyuh: hunbpdnnnyughwt (Ywd dhodnnnywghw, intermodulation) Gplnype L,
Gpp Gpynt Ywd wybh wwppbp hwbwjuwlwuniygjwdp wgnwupwuubp wugund U ny
géwjhu  dhowdwypny, phush hbGwnbwupny wnwowund U unp,  wugwulwih
hwowluwywunyjwdp |pwgnighs wqnwupwuubp: Gpp deyhg wybih wqnwupwuubp
hwjnuynd GU wjuwyhuh vwppbpnud, huswhuhp Gu nidtinupwpubpp Ywd fuwnupsubpp
(mixers), npwup Ywpnn LU «dnnnywgubp dhdjuug: Uprynitupnud unwgynud Gu unp
Yndphuwghntu hwéwfuwlwunyeniuubp, npnup puoppuwly wgnwuwuubph gnwwnu
Ywd wmwppbpnuginiuu Bu: Ophuwy, bpb niubup pynt hwbwuwlwunyein' £ U £, www
hunbpdnnnywghwh wpryntupnid Ywpnn Gu wnwowwy f; + £ Ywd f; — £, huswbu bwl
wybiih pwpn hwdwygneniuubp, ophuwy' 2f, — £ U 2f, — fi: Cunhwunyp wndwdp
Gpyunu wanwugwuubph hunbpdnnnywghwih wpryntupnud wnwowunw U mf; + nf,
hwwhuwywunigjwdp wugwuywih wypnnniywnubp, npnbn m b n wdpnng pYLp Gu: Wu
Gpunypep hwéwfu wujwunwd Bu hunbpdnnnyughnt wnwywnnud, pwuh np wju
uinbtindnud k «wndnty», npp fuwugqupnid £ dwpnip Yuwhu:

huwnbpdnnnywughnt  wnwywnnuubpp wnwowunwd U $hghlwlwu uvwppbipnud, L
puwlwuwpwn dowyyt) Gu pwqdwphy $hghlwlwu dhowdwnieniuubp fuunhpubpp
hwdwlwpgbph utipunud Yupgwynpbint hwdwp: Ldwu dhowdwnnipniuutip ujwqgbigunwd
Gu wnwywnnuiubph dwwpnwyp pwjg npwup Swfuuwwnwp Bu W h gnpne sbu
wpiwwnwwbu pugwnb] wugwulwih wnwdwnnwiubipp: hunbpdnnnywghwih hhduwywu
(nénuwiubipnhg dbyp hwwfuwwunipniuubiph wjwuwynpnwu k:



Lwibwhiwlhwunyeintuubnh wiwuwdnpnid

Gpp wwppbp hwwluwywunyeniutiph dh pwuh wqnwupwuubp (fi, f2,f3) hinfuwugynud
Gu JdGYy ndbnwpwph Ywd dhowdwyph  dhongny (Jwutwynpwwbu nwnwpwihu
hwdwlwpgbpnul), wnwowunwd GU f; + £, nbuph «nipdulwu» hwbwuwywunyeniuubp:
Grb wju gnwwpp hwdpulund £ ogunwywp wgnwupwuh f; hwowluwywunyejwu htw,
uw dhgwdwnnuginit £, npp sh Ywpnn hpnpyb:

Wuwhuphny, bGpeb wqnwupwuubph  woluwwwupwiht  hwwjuwlwunigniuubph
pwgqgunipniup hptuhg ubipywjwgunud £ gnwdwphg wquun hwywpwdnt, wwyw guuluguwd
Gpynt hwdwfuwlwunyeniuubph hwdwnpnieiniu Gppbip sh puyuh Gppnpn wqnwuowup
Ynu:

Snwwphg  wqww  hwjwpwdénwubpp  Ywplnp  gnpdhp  Gu wndyuiubpp
hwnnpnwygdwu  fuunphpubpnd, npnup  oqund  Gu  udjwqbigubp ny  qdwjhu
wnwywnnwiubpp, hwinjwwbu pwqdwhpwiht hwdwlwnpgbipnud:

Muwyunywuniyejwi tkplwjwgynn hhduwlywu npnypubkpp

Upbywu fudph tnpnhnud Pnph pwqdnipjut hwpwlhg nwubph wjuwytu, np npn2 hwpwyhg
nwubiph dhwynpnuwip hpbuhg ubpyuwjwguh «gpbebi» gnidwphg wqwwn pwqdnie)ntu,
Snipwpwugnip pwywlwu dbd gnidwphg wqwwn hwywpwdént (pwqunieiniu) «gpbipti»
puyws £ Pnph pwqgdnipjwt hwpwyhg nwutiph nplt dhwynpdwu dby,

Upbyjwu fudpbpnd b wdpnne pUbph uygpuwlywu hwwndwsdnud gnidwphg  wquwn
hwwpwdnwubiph  (pwqdnyeniuuph)  pwuwyh hwoynwp  pbpbp npnawyph  Pnpp
pwquntpniuttiph hwpwyhg nwutiph dhwynpnudubph pwuwyh hwodw,

Quwhwwnb] wnwybjugnytu pun hgnpnigjwt  (puin ubpwndwu) gnwwphg wqun
hwwpwdnwuubiph  (pwqunieniuttiph) swihp b ufwpwgpb] npwug Ywnnigwdpp
Upbjwu fudpbpnud,

Upbpgwu  fudpbpnud  Gupwpwqdnipniuubph gnwWdwpph W wwppbpngjwtu  nbupny

ubGpywjwgynn  pwqgdniEniuubpph pwuwyh  hwoyndp  pbpbp npnpwyp  Pnpp
pwqgunipniutbiph hwpwyhg nwubph dhwynpnudubiph pwuwyh hwodwup:



Whiwwnwuph wpnniupub tiynigdk) Gu

UwnbGuwlununiginiunid unwgywd wpryniupubipp ubpyuwjwgyby b putuwpyyby Gu

htinlyw| uGdhuwpubpnd b ghnwdnnndubpnid.

«Lwdwwpgswihtu ghwnigjwu b Yhpwnwlwu dwebdwnhlwih wpnpwlwu hwpgbp
2025» Ynudbipwuu, GNL, Gplwu, 2025 .,

«Stuwlwu Yhpbnubnhwih fuunhputip» XX dhowqqwiht ghnwdnnny, Unuyyw,
UNL Cwpynnulywu dwpbdwnhlwih b Yhpbnubnplywih wyniuntin, 2024 ppe.,
Unp ubipunh wphbunwywu pwuwlwuniyeinitu (New Generation Al), 2puwuwnw,
Lwuyhu, 2024 p,,

«fJbph wbunpjwu dwdwuwlwyhg fuunhpubp» ubdhuwpnud® U Ywujwghup,
U.U. Ynnnynyp U h.% Sypbinnyp nElwywpnigjwdp, Mnwwunwuh Ywountgjwu YU
Uwnblnywih wujwtu Uwebdwnhuwlwu huunhunnun, Unuyjw, 2023 .,
«Yhuypbwn dwebdwwnhlw U upw Yhpwnniginiuubpp» XIV dhowqquiht ghunwlwu
ubidhuwpnwd, Unuydw, 2022 .,

6N hubnpdwnhlwih b Yhpwnwywt dwpbdwunhluwih Swynynbinh 50-wdjwyhu
uyhpjwd ghinwdnnny, 6ML, Gplwu, 2022 .,

Lwdwlwngswihu ghwnigintt b nbintlwwndwywu inbfuuninghwubip dhowqgqwiht
Ynupnpwuu, <L FUU hudnpdwnplwjp b wdnndwinwgdwt huunpwunnuwn, Gplw,
2021,2023 pyp.,

UhpbnubnhYuwjh dweidwwnhyuwlwu hwpgbp, ubdhuwpnud® 4.P. Ujkpublh, L U.U.
Lndypup  nblwywpnigjwdp, UMK lwoynnuywu  dwpebdwnpluh L
Ypptinubinhlwih  pwynywbinnp  dwptdwnphywlwu  Yhpbnubinhywh  wdphnt,
Unuyqw, 2021 .,

«Yhuyptiwn dnnbjubp yunwywpdwu hwdwlwpgbph wbunyejwu dbe» X dhowqgquihu
Ynupbipwuu, Unuynyjw dwng, 2018 p.,

Uwpbdwwnhlwu dwdwuwlwyhg wotuwphnud: Uhowqquihtu Ynubbpwuu' udhpdwd
UL. Unpnup wujwt dwpbdwwnpywih htunphwnnunh 60-wdjwyhu, Lnynuphphpul,
2017,

Uhoswqqwiht  Ynudbipwuu  «KROMSH-2014», XXV Aphdp  wpUwlwhu
dwpbdwunhlwywu nwpng-updynghnd  uwtYunpw] L EYngnighnt  fuunhpubpp
ybipwpbpjwy, Wphd, 2014,



«(dJbph wbunejwu dwdwuwlwyhg fuunhpubp» ubdhuwpnu® U.J. Ywujwghuh,
U.U. Ynnnynyp U h.% Sypbinnyp nElwldwpnipjwdp, Mnwwunwup Ywountejwu YU
Uwnbyndywih wujwu Uwebdwunhulwu huunhwunun, Unuyyw, 2012 .,

e «ulypbin dwpbdwnplyw b Jwebdwwnhlywlwu Yhptnubnhyw» ubdhuwpmd' 4P,
Uitpublph, UW.U. Uwwndbuynph L U.U. Lndyhup nblwlwpnipjudp, UMNL
Lwoynnulywu dwpbdwunhlwih b Yhpbnubunpwih $wynyntnh dwebdwnhlulwu
YhpbnuGunhlwih wdphnu, Unuydw, 2012 .,

e «Thuypbun dwebdwwnhlyw b Jwpbdwnhlwywu Yhpbnubnhyws» ubdhuwpnd' 4.P.
Utiputh, W.U. Uwwndbuynh b U.U. Lndyphuph ntlwdwpnigjwdp, UM UML
Cwynnuywu dJwpbtdwwnhywih b Yppbnubnpyuih  $wynyunbinp  dwynyunticnp
dwpbdwwnhyuwywu Yhptnubinplwih wdphnt, Unuydw, 2012 p.,

e nwwunnubiph, wuwhpwuwubiph U Gphnwuwpn ghnuwywuubiph «Lndnununy-2011»,
«Lndnununy-2012» wdbuwdjw dhowqquiht ghwnwdnnnyutipnwd, Unuydw, 2011,
2012 pfe.,

e «Huypbn dwptdwwnhyw b upw Yhpwnnipniuubipp» X1 dhowqqwihtu ghnwlwu
ubdhuwpnwd,  Unuydw, UML UNC  Jwyynnwywu  dwpbdwwhluwih L
YhpbnuGunhlwih $wyninbin, 2012 p.,

e «ulypbwn dbppndnieiniu» ubdhuwpnut® U.U. Uwwndbuynih, S.4d. Uunpblwih b

U.P. Twjuyjwyh nywywpnipjudp, UNC UNL Cwoynnulywiu dwpbdwwnhluwih L

Yhpbnubwhwih $wyninbimph Swynyunbinnh dwebdwnhlulwu Yhpbnubnhyuwih

wdphnu, Unuyyw, 2009-2012 pp.

Lpwwwpwlynidubp

Uwnbuwfununipjut phdwiny hpwwwpwywsd £t 33 ghnwlwu wofuwwnwup, nphg
16-n  Scopus L Web of Science owbdwpwuubpnd pungpywd  ghunwlwu
hpwwwpwynipniuutipnud: Ugfuwwnwupubpp pwpyywsd Gu ubindwgnpp ybponud:

W luwwnwuph unnigjwép b swyw

UwnbGuwlununigintup  Yugudwd £ ubpwdnigyniupg, dbennwpwunieiniuphg, hhug
g|nifuubiphg,  Yphpwnnyenithg,  Ggpwlwgnieniuhg,  hwybwdhg,  oguwagnpéywd
ghwlywunigjwu gwuyhg: Unbuwfununypniup swpwnpgwsd £ 209 tonud, ubipwnjwy 109 wuntu
ognwagnndywd gpwlwuntejwu gwulyp:



Uluwwmwuph pnjwunwlnipyniup

Lbpwoénpyniup uuynd £ pbdwjh  wpnpwlwunipjuu  dEluwpwudwdp,
ubpyuwjwgynud Gu woluwnmwuph bwywwmwlu n fuunhpubpp, punypwgpynud £ hGnwgnndwu
wnwpywu b unwgywd wpryntupubipp unpnipniup: Ubipnnwpwuniyeniund uupwgnpynid
dowlyywsd dbpnnubpp:

“thgnip G pwqdnipntu k, nph ypw uwhdwudwsd § gnidwpdwu gnpdnnniiniu, huly k
L ny pwgwuwlwu wdpnng pYLn, npnup pwywpwpnud Gu k + 1 > 3 wwjdwuhu: hgnip
Ay, .. Agyn G-h Bupwpwqguneyniuubp Bu: (4y,..., Ag+) hwdwpwdniu Yngynd £ (k, D)-
gnuwphg wquwn ((k, D-FUL), Gl gnjnieintu sniuh hwywpwdnt

(al,...,akH) € A1 X...X Ak+li

npp hwunhuwunw b xg +... +x = x40+, . Fx4, hwjwuwpdwt jndnud: Pnpnp (k, D-AUL-tiph
punwuhpp G-nuwd bpwuwlbup SFC ;(6): Uwhdwubup

0k, (G) = [Aql+... +]Ag4]

UWjuwwnwuph wnwohu qnijup udhpjwsd L (k,0)-GUL-Gph pwuwyh npnodwun,
Upbigwu fudpbipnud, b (k, D-SUL-Gph pwuwyh npnodwup, puwywu pybph [1, 7] hwndwdnid:
1.1 U 1.2 wwppbpnigyniuubipnud npynd Gu uwhdwunwubp bW wwwgnigynid Gu npnawyh
odwunwy wunndutip: 1.3 wwppbpnyeniunwd wwwgnigynud § |Gddw 1.5, npp  hwunhuwunwd
E qpwunijubph punhwupwgywd dbpnnp b hhduwlwu gnpdhpp (nqwphpdh wuhdwwnunhywu
uinwuwint hwdwp:

Unwohu gjfuh hhduwlwu wpryniupubpu Bu hbnlyw) pnpdubpp’
@tnptd (wwn. 1.4, pbnpbd 1.5): Hhgnip G-t n upgh Upbywt funidp £, puly k = 3 phwluwb
hy: Uww n — oo nliypnid ipbinh nibh hwywuwpnygyniip

10g|SFCo(Q)| = 01,0(G) + a(n):

@GnpGd (wwp. 1.5, pbnpbd 1.7): Hhgnp k L | ny pwguwuwlwi wdpnne pybn &b, npnup
pwywpwpnd G k + 1 = 3 wuydwbhb: Uwyw n - oo nwypmid ininh nibp hwywuwpnygynip

log|SFCi ([1,nD)| = k1 ([1,n]) + a(n):



(4,...,4y) € SFCyo(G) hwjwpwdniu wujwubup wnwybjwagnyu pun hgnpnipjwu, beb wju
wnwybjwagnyu £ pun g,0(6) gndwph, b wnwybjwgnyt pun ubpwndw, tpb Yudwjwlwu
i€{l,....k} Lx € G\ A; hwdwp
(Al""JAi—lJAi U {x},AiH,...,Ak) e SFCk'O(G):
Uptuwwnwuph bGpypnpn gnibup udhpywd £ ogxo(6)  wnwybjugnyl  wpdtiph
guwhwwdwup, b wnwybjwgnyu pun hgnpnigjwt (puwn Ubpwndwt) k-gnidwphg wqwn

pwqunipjwt  Ywnnigywdph  UJwpwgpdwup  Ywdwjwlwu  ghyhy  fudpnwd: 21
wwppbpnigyniund wpynwd U uwhdwunwubp b wwwgnigynwd GU npnawyh  odwunwy
wunnwiubip: Npnadb £ oy 0 (6)-h wnwybijwgnyu wpdtipp ¢ Upbkipwu fudph hwdwn:

@bnpkd (wwp. 2.2, pbnpbd 2.2): bYwdwwlwl p wwpq pyh hwdwp pbnh noh
hwywuwpnyayniop
gk_O(Zp)=p+k—2:

Enpbkd (Wwp. 2.3, phinpbd 2.5): Hhgnip G-an Yupgh b v Epuwyntbupng Upbywl funidp E:
Uww

0x0(6) = max <g(d k- 2)> - n+g(k —2),

nppbin p-p n-h wdbbiwhnpn wwpq pwdwbwnwnt E:

Lywpwagpytp £ wnwybjugnyu  pun  hgnpnigjut k-gnidwphg  wqwun  hwjwpwdnth
Yunnigwdpp Yuwdwjwlwu Upbywu fudpnid:

(dtinpbd (wwpn. 2.4, plinptid 2.10): Hhgnip k = 2, U Z, wwpq Yupgh ghlyhly punwdp £, pul
(Ay, ..., Ay) wnwybpugnyti pupp hgnpnigywti k-qnidwphg wquip hwwpwént £ Z,, pudpnid:
Uww hwdwpwdnih jninwpwtisinip pwqdnyaynit, hgndnpphqup dognipnipuwdp, hwtnhuwbnid
E htuplywyliinhg Jtln'

I [4il = 1;

il. Ay = —(A1+.. A + A+ FHAY);
i, Ai-htu 1 tpwppbpnipudp pwpwbwlwl ypngpbupw E;

npppbni=1,...k:



@GnpGd (ywp. 2.4, pbnptd 2.11): Hhgnip k = 2, huly p-t n pbwlwl pyh wdbbwgphnpp wwnq
pwdwbwpwnt k, U H-pn/p Yunpgh Z,, judph Gupwpundp £, b (A4, ..., Ay) wnwybpugnyt pug
hgnpnigywt k-gnidwphg wquiypn hwywpwéne b Z, udpmd: Uww hwiwpwénip jnipwpwtisinip
pwqdnygyniti’ hgndnpdbhqdh Gpgnipnipyudp, hwbnhuwbnud F hplyuwibbphg Jeyp'

I |A;| = n/p, wyuhlipli, A;-t H Gupwudph hwpwlhg nwu k;

il. Ai-u H  Gupwfudph  wbwhpuh  hwpwhhg nwubph  dhwynpnid £, npnbg
ubpluywgnighstiph puqunyeywitr (npwbu Z,, ghlyply pudph Gbpwpwqdnienit)
hwdwn ppbnh nibp

Al/H = —(Al/H++Al_1/H +AH_1/H++Ak/H),

i, Ai-tt H  Gbpwpdph  wjbwhup  hwpwlhg nuwubph  dhwynpnid £, npnbig
ubpluywgmighsuiph pwqdnugnitip (npwtiu 7, ghlyhly fudph Gupwpwqdniemb)
hwbnpuwbnd £ 1 qpuwppbpnipyudp pywpwiwlwt ypngpbupw;

iv. k =2 nbwpnid Ay = Z, \(—A4A,):
npppbini=1,...k:

“thgnip 44, ..., Ak-U G Upbywu fudph ng nwwnwpl Gupwpwqdnieniuutp Gu: Z, fudpnud
k-gnudwphg wqwwn hwjwpwdniubiph wju punwuhpp, npp ugddws £ unyu
wwnpbpnigyntup niubignn pYwpwtuwlwu wypngpbuhwubiphg, upwuwytup Py (Z,): Ubpgubtiup

ay(Zn) = (lArl+... +[Ag]):

max
(A1, AR)EPK(Zn)
Uwnwgyb £ a (Z)-h htnlyw| guwhwwnwlwup:
LEddw (wwp. 2.4, \Gddw 2.13): thgnp k = 2 pbwlwt phy £ Uyw Yudwwlwt nhwdwn
plinh niup
R ) =n+= (k-2
max Eak( a) —n+;( —2),

npppbin p-t n-h wdbbwihnpn wwpq pwdwbwpwnb £:

Llwpwgnyt| £ twb wnwybjugnyu pun tbpwndwtu k-gnidwphg wquun  hwjwpwdnth
Ywnnigwspp Upbywu fudpnud:



LEddw (wwp. 2.6, Gddw 2.16): Gpb ¢ Upbywl fudpnid gnynyegnit mbp wnwybpugnyt pug
bbpwndwb k-gnidwiphg wquiyp hwywpwént k hgnpnuygyuwidp, www G funtdpp ghlypy E:

“thgnip H-p G fudph Gupwfunwdp k, huYy e e/u: G » G/H Ywunuwlwu hndndnpbhqd E: Ujn
ntwpnu A € G gwulwgwsd Gupwpwqdniyejwu hwdwnp A/H-ny bpwuwlybup G/H dwlunnp-
fudph g g/u(A) Bupwpwadnipiniup: Unwydbjugnyt pun ubipwndwt k-3UL-tiph puwnwuhpp
G-nud bpwuwlbup SFCM, (G):

Leddw (wwp. 2.6, \Gddw 217): Hhgnp (A, ..., Ap)-U wnwybpugnyt pup bbpwndwt k-
gnidwphg  wquyn  hwywpwdne £ G Upbywh  fudpnd,  huly H = H(A;+...+4)n
Ay+... +Ay pwqunipqutl upuppihquinnnpl £ Uww inbin nibbt hpplywy wunnidatinp

i (A H)+ (A + H) = A+ Ay

i. (A4 +H,..., Ay + H) € SECM(G);

fi. (Ay,...,Aj—1, A + H, Aj1q, ..., Ax) € SECM(G), pninp i = 1,..., k hwdwp;

iv. Ai+H=A4;, nyppini =1,...,k;

v. H(A;) = H, nypbin H(A)-p A; pwqdnigyuwt uynwphthquigpnp £, i =1,..., k;
vi. A;-U hwbnpuwbnd £ H GUpwhidph npnpwhh hwpwhhg nwubph dhwynpnid;
viim@  (Ay/H,...,Ay/H) € SFCM, (G /H):

@bnpbkd (wwn. 2.6, fatinptd 2.14): thgnip G-t n Gupgh Upbywh funidp £, huly (A4, ..., Ay)
wnwybiugnyt puypp bbpwndwt k-gnidwphg wquiyp hwywpwéne £ G pudpnid: “thgnip
qninipinil sntbp (ay, ..., ax) € Ay X...x Ay hwywpwént wybiwypup, np

(A1 - a1)+. . +(Ak - ak)
pwqunuayniup sumd £ G funidpp, U nhgnip inbinh nibh wbhwywuwpniginiip
[Ai|+...+|Ak| > n/2 + (k — 2)n/p,

nppbin p-b n-h wdbbwihnpp wwpq pwdwbwnpwpt £: Uww grynyegni nibh G fudph wytiyhup
H GUpwpundp, np

. Ai+H=A;, nnippbini =1,...,k;

ii. — G/H-p ghlyhly funudp £;



i, (41/H,..., A /H)-p wnwybpugnyt puyp bapwndwi k-gnidwphg wquiyp hwywpwént
EG/H wlipnp-fudpnid:
thgnip G-U pwqunipniu k, npp ypw vwhdwugwsd b gnidwpdwu gnpdnnnieyniu, huy k W I ng
pwgwuwlwu wdpnne pYLp Gu, npnup pwdwpwpnud BU k + 1 = 3 ywjdwuhu:

A € G Gupwpwaqdnipiniup Ynsynud £ (k, 1)-gnwdwphg wqun ((k, 1)-FUPR), breb hwjwuwpnudp
x1+...+xk = xk+1+...+xk+l (1)

sntuh inwnuwd A pwqdnipiniunwd: Pninp (k, D-SUP-tnph punwuhpp G-nud upwuwybup SFS, ;1 (G):
Uwhdwubup

Ay (G) = max Al

AESFSy1(G)

Ufuwwnwuph Gppnpn gynifup udhpyws £ (k, D-FUP-Gph pwuwyh qguwhwwndwup,
huswbu uwl Ybpowynp Upbgwu fudpbpnd (k, D-FUR-Gph wnwybjwgnyu  hgnpniejwu
npnadwup, U wnwybwgnyu  (k, D-FUP-Gph  Ywnnigwdph  ujwpwgpdwup: 3.2
wwppbpnigyniund wwwgnigynud kGddwu 3.1, npp hwunhuwund £ hphduwlwu gnpdhpp
(nqwnhpdh wupdwyununhwu unwuwnt hwdwn: 3.3 U 3.4 ywppbpnieyniuubpnd unwgybip
Gu (k, D-FUP-tph pwuwyh (nguphpdh wuhdwywunnnpywiu hwdwwwwnwufuwtuwpwnp Upbjwu
fudpnd U puwywu pytph uygpuwlwu hwwndwdnud: Uwutwynpwwbu, wwwgnigyb) tu
htwnljw| ptinptdubpp:

f@bnpbd (wwp. 3.3, plnpbd 3.2): Hhgnp G-u n Jupgh Upbywl fumidp £, puly k U L ns
pwgwuwlwb wdpnne pybn Gu, npntip pwywpwpnid G k +1 = 3 wuwydwupt: Uyw n — oo
nbiwpnid i(pbinh nibp hwywuwnpnieniip
10g|SFS1(6)| = 241 (G) + 6(n):
@tnpGd (wwpn. 3.4, plnpbd 3.4): Hhgnip k b | ns pwgwuwlywl wdpnne pybp Gu, npnup
pwiywpwpnd Gl k +1 > 3 wuydwbhb: Uww n — oo niypnid inlinh nibh hwywuwpnygynibp
log|SFSye([1,nD] = ([, ) + (n):

Wu wpryntupp (eEnpbd 3.4), hpwphg wulwiu, unwgt) £ uwl R. Sppup [54] wofuwnwupnid:
3.5-3.8 wwppbpniejniuubpnd  nwnwuwuppdlp Bu Upbgwu  fudpbpnud - (k, D-SUP-Gph
wnwybjugnyu hgnpnipjwtu b wnwybjwugnyu (k, D-SURL-Gph  Yunnigwdph fuunhpubipp:



Ui, (d)-ny Lpwuwytiup [1, ged(d, k — )] dhowlwjph wdkuwthnpp wdpnng hup, nph hwdwn
ghjniejnlu ntuh h € Zy\{0} phy wjuwhuh, np nbinh niubu htinlyw) wuhwjwuwpnieniutbpp

d—1—p,(d)

1+l{ 1 js(k—l)hsd—l—k{

d—1-—p(d|
k+1 '

[@bnpkd (wwp. 3.5.2, ptnptd 3.9): Mhgnip k U | npwlwt wdpnne pybn Gu: Uww

Ywdwywlwt n hwdwp ippbnh niup

d—1- d
[ )

@tnptd (wwpn. 3.5.3, phnptd 3.12, wwp. 3.7.3, pbnpbd 3.25): Hhgnp G-t n Jupgh L v
tpuwntbtippny UpbGywl punidp £, puly k b1 ng puguuwlwi wdpnng pybn wibiwpup, np k +
1 = 3, U hwywuwp stb pup dnnny v: Uin nbupnid 6ppup G hplyw) wuhwdwuwpnyaynibtiinp

me ([ 1) 3 < dor < mar{(7] + ) 3
A € SFS,(G) pwqunipiniup Ywujwubup wnwybpugnyt, el Ywdwjwywu x € G \ A hwdwp
AU {x} & SFS;(G): SFS;;(G)-h pnnp  wnwybjugnyu  pwadnigyniuutiph  punwuhpp
Upwuwlbup SFM;(G): 3.6 L 3.8 pwdhubipnd uwnwgyt| t A € SFM,,;(Z,) pwqinipjul
Ywnnigwdph Gogphin Ujwpwgpnipniup' pwpwuwlywu wpngpbuhwubph W hwpwyhg
nwubinh  wbpdhuubpnd, nubbwind  uwhdwbwthwynd A4 € SEM,,;(Z,) pwqunipjwl
hgnpnipjwu Ypw'

n+1-—e(n)

Al =
4l = k+1

U ged(n, k — 1) = 1, npintin

e = "t o
Z, ghyihly fudpnud (k, D-gnuiwphg wqun  pYuwpwlwlwt wpngptuhwubph punwuhpp
Upwuwlbup PF (Z,): A € PFy(Z,) pwpwuwlwu wpngptiuhwt Yngynid £ wnwybjiwugnyu,
bebt Ywdwjwlwu x € Z,\ A hwdwp AU {x} & PF(Z,): PF;(Zy)-h pninp wnwybjwagnyu
RYwpwuwlywl  wpngpbuhwubph  punwhpp pwuwlbup PFMy,(Z,): PFii(Zs)-h pnpnp
pYwpwluwywlu wpngpbuhwubph puwnwuhpp Z,-nwW, npnup pulws Gu Z,-h juwdwjwlwu ny



nphyhw) Gupwiudph npub hwpwyhg nwunwd, Yuowuwybup PFN,(Z,): bpgubup
PFPy(Zy) = PFy (Zn) \ PFNiy(Zy), U

Vi1 (Zy) = AEPerlPakic(Zn)IAI,

W PFPE;(Z,) = {A € PFP,(Zy,) | |1Al = yy,(Zy) }: 3.6 L 3.8 pwdhubiph hhduwlw wpryniupt
E htnlyw| ptinptdp’!

bnpbd (wwn. 3.6, plinptd 3.20): Hhgnip k U 1 ns pwguwuwlwt wdpnny pybn Gu witiyhup,
np k+1>=3, huly ged(n k —1) = 1: Uww jnipwpwbisinin A € SEM,, (Z,,) pwqunigynili, nph
hwdwp pbnh nibh wuhwywuwpnygyniup

(k+DIAl=zn+1—en),
hwbnpuwbnid E htiplywy puqdnyainiaibphg Jaip'
bt n-p qnyq £, wujw

i H Gpwpudph d —1 ns ipiphypwy hwpwlhg nuwutinhg Jtlp, npipbn H-p Z, fudph
Guwdwywlwb Gupwfunidp £ U |H| =n/d, npippbin d-U n-h pwdwbwpuwp £ L2 <d<
k+1-1;

il. @y 2,m(C) pwqdnigynibi £, npipbn H-p Z, fudph Guduwywlwl Gopwfunip F
wybigpup, np |Z,/H| =7 (mod (k + 1), r€{2,....k +1—1}, |Z,/H| =k +1+2, L C-
U PFPEy (Z,/H) pwqunyejwl udwywlwb qpnunp £;

bt n-p GGty £, wwyw

fii. — H Gbpwfudph d —1 ns ippphdpwy hwpwlpg nwutphg deyp, nppbn H-p Z, fudph
Gwdwywlwb Gupwfunidp £ U |H| =n/d, npipbin d-U n-h pwdwbwpuwp £ U3 <d<
k+1

iv. @y 72,m(C) pwqdnigynibti £, npipbn H-p Z, fudph Guduwywlwt Gopwfunip F
wybigpup, np |Z,/H| # 1 (mod (k + 1)), |Z,/H| =k +1+2, U C-u PFPE,(Z,/H)
pwqunipyuwt judwywlwb pwpp £

npiplbin @z 7 ju: L = Ly /H Guibinbwynp hndndnpphqd £

l = 0 nbwpnid grynipynits nialt dhuyls Gpyne nbwp' (i) b (i) (wwp. 3.8, ptinptid 3.28):



Wdd wnwudhu nhnwplybup ! = 0 nkwpp: Hhgnp G-u Upbywu funwdp , huy k = 3 wdpnng
RhU: A € SFSy0(G) tiupwpwaqunieiniup Ywudwubup k-gpnjhg wquiwn: k-qpnjhg wquitn pnjnn
pwquntpniuubiph punwuhpp G fudpnud Yupwuwybup ZF S, (G)-ny: A € ZFS,(G) pwqgunipiniup
Ynsynud £ wnwybjwugnyu (pun ubpwndwu), Geb jnipwpwugnip x € G\A wwpph hwdwp A U
{x} ¢ ZF S, (G): Uwhdwubtup

@) =, oA

Lbpdnwdbup hbnlyw vpwuwynwiubpp. ZFSy (G)-h pninp wnwybjwgnyu pwqdniegyniuubiph
punwuppp Yuowuwlybup ZFMR(G)-ny, huy ZFSp(G)-h wju pninp pwqdniyeniutbipp
puwmwuhpp, npnug hwdwp A € ZFS, (G), |Al = A, (G), Yupwuwybup ZFE,(G)-ny:

3.7 wwppbpnygjwu hhduwlwu wpryniupubipu Gu'

LEddw (wwp. 3.7.1, |Gddw 3.10): LGddw 3.10: ‘Hhgnip k = 3 ptwlwt phy £, G Upbywl untdp
kU A e ZFM,(G): Uww ipbn mubl hplywy wanmdubpp

i k(A+H(KA)) = k4;
ii.  A+H(kA) € ZFM,(G);
iii. A+ H(KA) = 4;
iv.  H(A) = H(kA);
v.  A-b hwbnpuwbnd | H(kA) Gupwfudph npnguwlip hupwihg nuubph dhwdnpnud;
vi. — A/H(kA) € ZFM(G/H(kA)):

LEddw (wwp. 3.7.1, \Gddw 3.11): “thgnip k = 3 ptwlwt phy £, huly G-t Uptywl funidp £
Gt grynigyniti nith A € ZFM,(G) U |A|l = 1, www G-U ghyhly funidp E:

@tnptd (wwp. 3.7.1, (atinptd 3.21): thgnwp k = 3 pawlwi phy £, G-t Upbywb punidp £, L
A € ZFM,(G): bk

klAl > |Gl + 1, )
www gnynignitl ntblt G fudpp L U H Gbpwpidpbpn wybwpuh, np |L| < |H| U
i A+L =4

i.  AJL € ZFMy(G/L);



i, A/H-b pwpwbwlwb ypngpbupw £

. G/H-p ghlypl unuip £:

Lowuwybup Z, fudpnid k-gpnjhg wquun pwpwuwlwu ypngpbuhwubiph punwuppp Py (Z,,)-
ny: Uwhdwubup

Z,) = Al:
ay (Zn) Aerg%n)l I

@tnptd (wwp. 3.7.2, (dtinptd 3.22): Hthgnip k = 3 plwlwi phy £ Ywdwywlwt n hwdwn
ylinh nuip

nn—-1-x
ay(Z,) = max (;, lTJ + 1),
npppbin r-p n-h wybwyhuph pwdwbwpwnp £, np k-t sh pwdwbymd r-p, huly x-p  [1,8(0)]
dhowlyuyph wdbtiwpnpn phdt £, npp hwdwp grynyegnit nish uybiughup a(x) € Z,\{0} phd, np
ipbinh nibbt wahwywuwpnyaynibibpp

n—1—x
1Ska(x)£n—1—leJ:

@tnptd (wwpn. 3.7.2, (atinpbd 3.24): Mhgnp k = 3 ptwlwb phy L, G-t n fupgh U v
tpuwyntubtippny UpGywt funidp £ Uww inlinh nitbt whhwywuwpnienitiiinp

max {ak (Zy) g} < A (G) < max (%, rgﬁlx {ak (Zy) g}) :

v

Chwnbwup (ywp. 3.7.2, <Gnbwup 3.1): Hgnip k = 3 puwlwi phy £, U §(n) = 1: Uwyw ptinh
ntbp hwdwuwpnygyniip

e =al(| ]+ 1))

@Gnptd (wwpn. 3.7.2, (dbnpbd 3.26): Hhgnp k =3 pbwlwl phy £ G-t n fupgh U v
tpuwyntubtuippny UpGywt funidp £ Geb v Epuwyntblyp nibh dy pwdwbwpwp wibwhuht, np
do € {1, ...,x(dg)} (mod k), www pplinh ntbp hwywuwpnygynibp

B n d—1-x(d) n
2(G) = @ﬁ/x {ak(Zd) E} = (max {QT} + 1) E}'

nppbin x(d)-p [1, 6(d)] dhowluyph wdtwihnpp phyl £, nph hwdwp grynipynit niap wytiyphup
a(x) € Zy\{0} phy, nn pptinh niubt wohwywuwnpnyeynibitbpp



d—1-—x(d)
1<ka(x)<d-1-k — %
“thgnip k W I ny pwgwuwlwtu wdpnng pytip Gu, npnug gnwwpp gbipwquugnud t 1:
G Upbywu tudph A Gupwpwqdniginiup Ynsynwd t (k, D-gnidwp, Geb gnjnyenu niuh B € 6
Gupwpwqunieyntt wjuwhup, np

A=B+...+B—B—...—B:
k 1

(k, D-gnudwpubinh punwuhpp G-nud upwuwybup SSSk,(G):

Uzfuwwnwuph snppnpn ginifup uyppqwsd § (k, k)-gnwdwnutiph W (2k, 0)-gnwdwnubpp

pwuwyh ybppu L uwnnpht quwhwwnwlwuubph unwgdwup Upbyjwu  fudpbpnud: 4.2
wwppbpniggniund wwwgnigynd  Gu  (k, k)-gnudwpubph W (k, 0)-gnudwpubph  pwuwyp
unnpht quwhwwnwlwuubpp Upbgwu fudpbpnud: 4.3 wwppbpnigjniunad pwpbjuyynd £ (2,0)-
gnudwpubiph pwuwyh unnppt quwhwwwwup Upbgwu fudpbipnud: 4.4 wwppbpnyeniunwd
wwwgnigynd t Gddwu 4.6 L 4.7, npnup hwunhuwunw Gu hhduwlwu gnpdhpp ybphu
quwhwwnwlwuubpp unwuwnt hwdwp: 4.5 wwppbpnieiniund wwwgnigynd Bu (k, k)-
gnwdwpubiph L (2k, 0)-gnidwpubph pwuwyh ybphtu guwhwwnwlwuubpp Upbgwu fudpbpnid:
Uwutwynpwwbiu, wwwgnigynid bu hbiwnlyw| pbnptdubpp: Lowuwytup D(G)-nY G fudpp
wdbuwdbs ubhwlwu Gupwfudph Ywpap:
@bnpkd (wwp. 4.1, pbnpbd 4.1): Hhgnp k npwlwl wdpnne phy L G-t n fupgh U v
tpuwnubttpng Upbyw funidp £, U v > 24k — 7: Uww gnynyayni ntbh npulwis hwuynwgpnit
c=c(k) wbwpup, np Gudwywlwiu v >24k—-7 U n->oo npbypmd pbnh nbbl
whhwdwuwpnyayniitbpp’

sz/(ék—z) < |SSSkk(G)| < 2n/3+D(G)/3+6(n):

tnptd (wwn. 4.1, plinptd 4.2): thgnip k = 2 npwlwt wdpnnyg phy t, huly G-t n Gupgh L
v bpuwyntubitnupny UpGywt punidp £, bv > 4k — 3: Uww gnjnypyniti nith npwlywti hwugpwignit
c=c(k) wiypup, np Luwdwywlwt v>4k—-3 U n-oco nbypnd plinh nbp
wbhwywuwpnypynitibpp

|SSS2k0(G)| < 2m/3+D(@)/3+0(m)

2/ < |585) 0(6)|:



Lpwitwlblp ¢ ()-ny Eyinh $niulghui:

@tnptd (wwn. 4.1, ptinptd 4.3): thgnip G- n fupgh b v Epuwynbutpng UpbGywi fumidp £
Uww n,v > o nbwpnud nbinp nibibt htplywy qlwhwipwlwtitibpp’

vep((v)2V/3 « |855,(G)| < 2n/3+P@/3+om),
Ythgnip G-U n Ywngh Upbywu funwp , huy k = 2 puwlwu phy k:
G Upbywu fudph 44, ..., 4, Gupwpwqdnyginiuubiph gnuwpp Yuwhdwubup hbnlyw) Yepw'
A1++Ak = {a1+...+ak | aq € Al,...,ak € Ak}:
Pwquntegyniup, npp ubpyujwgynd £ ¢ Upbywu fudph k Gupwpwaqdnieniuubph gnwdwp
wnbupny, Ywujwubup k-gnidwp:
Uwhdwunid: Hhgnip G-t n Gupgh b v Epuwyntubbpng Upbywt funidp £, puly k = 2 ptwluwb
phy, Ay, ..,Ax-pn G ludph ns nwypwply Gupwpwqdnygnibtbn Gu: Ywublp, np (44,...,Ax)
hwlwpwénitr pwdwpuwpmd o wuydwbhb, el gyniginit niup A; wytiwyhup, np |4;1 = a, b
|[A1+...+A; 1 + A+ FA =,
npipbni e {1,..., k}:

Swppbp  Aj+.. A4, Gupwpwqunienuutiph putwuhpn, sujwd (Aq,...,A)
hwywpwdniubinhg, npnup pwywpwpnw B @ wwjdwuht, tpwuwlybup SSD, (G, @): Ybipgubup
a(n) = ((logn)~Y/*® + (logn)~Y®)n:

Uptuwwnwitph hhugbpnpn qnifup udhpdwsd £ k-gnidwpubph pwlwbh ytiphu L
uinnphtu guwhwwnwwuutph npnadwup Upbywu fudpbipnud: 5.2 wwppbpnyeniund unwgyb)
b |SSDw (G, 6(v))| wpdtiph unnphtu guwhwwnwlwup: 5.3 wwppbpniegniund wwywgnigynid
(tddw 5.2, npp hwunhuwund £ hpduwlywu gnpdhpp Ybphu quwhwwnmwywup unwuwint
hwdwn: 5.4 wwpptpnueiniund unwgynud £ [SSD, (G, a(n))| wpdbiph Jbpht quwhwwnwlwup:
<hduwlwu wpryniupp ubipyuywgywsd k hbnlyw| pbnptdnud®

@bnpbkd (Wwp. 5.1, plinpbd 5.2): Hhgnip G-t n fupgh b v bpuwyntbiupny UpGywt funidp £,
puy k=2 puwlwt  phy L Gpli nv-ooo, www pbnh  mbbt  hplyw
whhwdwuwpnyyniiipp’

2v/2+0() < |55Dk(G. 5(V))|'



|SSDi (G, a(n))| < 2n/2+D(@/2+0(m),

(etinptd 5.2 hwunpuwunw £ L. Unuph, U. Spwudhh b U. Niphup [37] Ynndhg 2010
pYwlwuhu unwgywd wpryniuph jwywgnidp, U punhwupwgnudp' k-h judwjwlywu wpdbph
hwdwp:

Ujuwwnwuph ytgbpnpn ginifup udppywsd L gnidwphg wqun hwyjwpwdniubiph
Uhpwnnigyniuubipht' wbuwywu dwebdwinhlwind b wbntlwnywlwu nbluuninghwubpnud:

Uwnbuwlununipjw hhduwlwt wpryniupubipp
Uowlyt| £ gpwunyubph punhwupwgywd dbpnn, npp Yhpwnbh £ gndwphg wquun
pwqdnipyniuubph bW gnuwphg  wquwn  hwdwpwdniubph  hwdwp'  punhwupwgywsd
Yuwdwjwywu qéwiht hwjwuwpnwiubph hwdwp' =1 b 1 gnpdwlyhgubpny: Ujn dbpnnp

Yhpwnbih £ vwl Gupwpwgdnigniuutph gnidwph b nnwppbpnijwu wbupny ubplywjwgynn
pwquntpniuttiph pwuwyh quwhwwdwu fuunhpubpnw [3-8,12,13,15,17,21-27]:

Unwgyby Gu (k, 0)-9UL-ph L (k, D)-FUL-Gph pwuwyh |nqupppdh wuhdwywnnpyuu
Upbywu fudpbpnd b puwlwt pybpp uygpwywu hwnywénid hwdwwwnmwufuwtuwpwp:
Npnayti Bu (k, D-FUL-Gpp wnwybjwgnyu hgnpnigjwu 6ogphun wpdtipp Upbjw fudpbpnud:
Liwpwagpyti| b wnwybjugnyu pun hgnpnigjwu b pun ubpwndwu  (k, 0)-9UL-Gpp
Yuwnnigwdpp Upbywu fudpnid [22,24-29]:

Uwnwgyb £ (k, D-FUP-tph pwuwyh (nqupppdh wupdwywunnunplwu Upbkywu fudpbpnd b
puwywu pybph uyqpuwlwu hwwndwsénw: Npnagtp Gu  (k, D-FUP-Gph wnwybjwagnyu
hgnpnugjwu  Gogphwn wpdbpp  ghyhy  fudpbpnd U Upbpgwu  fudpbpnd’  npnawyp
uwhdwuwthwynwubph nbwpnd: Lywpwgpdb) £ wnwybwgnyu pun hgnpnipjwu W
wnwybwgnyu puwn ublwndwu (k, D-FUL-Gph Yunnigwdpp Upbywu fudpnd’ npnawyh
uwhdwuwthwynwubph nbwpnud [1-5,9,10,12-15]:

Uwnwgyb tu (k, k)-gnidwpubiph, (2k, 0)-gnudwputiph W (k, 0)-gnwdwpubiph pwuwyh 4bphu
W unnphtu guwhwwnwwuubpp Upbywu fudpbpnid, huswbu twl unwgyb) Gu k-
gnuwpubiph pwuwyh ybphu b unnphtu quwhwwnwlwuutpp Upbywu fudpbpnud’ npnawlyh
uwhdwuwthwynwiubph nbwpnid [6-8,11,16-20, 21,23]:

Snudwphg wqww uygpniuph Yhpwndwdp nsyb)  hdynyuw-nnwGpwiht nwnwpubpnud
rhpwfuh nhwnpnadw fuunhpp [31-33]:



Cunphwlwnieniu

<bnhuwyp oguytiny wnhphg' hp funpht Gpwjunwghwngeyniuu £ hwynund pp
ghnwYwu funphpnwwnnip’ <& GUU pnewyhg wunwd, $hahlwdwpbdwunhwywu
ghwniejntuutiph nnywnp, wnndbunp Lunu <wynph Uujwujwuhu L

dhghywiwebdwnmhwlwu ghwngniuubph nnlwnp, wypndbunp Utipuwunp Uuwnnunghy
Uwwndtuynphu (A. A. CanoxeHko) wofuwwnwuph Ujuwdwdp dunwywl nwnpniejuu,

wndtipwynp nhunnnnigyniuutiph W oguwywp putwpynwiubiph hwdwp:
UwnbGuwlununipjut pkdwjny hpwwnwpwljwé wrluwmwupubpp

1. Caprcan B.l. MakcumanbHaa MoLlHOCTb MHoMecTBa, (k,l)-cBobofHOro OT cymm, B
umknuyeckoid rpynne // CoopHuUK ctateii Monofbix yuéHbix cpakynbteta BMK MIY. 2011.
8. C.123-128.

2. Caprcan B.T. MakcumanbHaa MolHoCTb MHOxecTBa, (k,l)-cBoGOfHOrO OT Cymm, B
umknuyeckoid rpynne// Matepuanbl XVl MexpayHapopHoii koHdepeHuumn «[pobnembl
TeopeTuyeckoii KkubepHetuku». 20-25 wutoHA, Hwuxknuii Hosropos. H.H.: WUsp-Bo
Hu:keropopckoro rocyHmeepcuteta, 2011. C. 422-426.

3. Caprcan B.T. AcumnTtoTuka norapucpma uucna mHomects, (k,1)-cBobogHbIX OT cymm, B
rpynnax npoctoro nopagka// BectHuk MockoBckoro YHuBepcuteta, cep. 15.
BbluncnutenbHaa matematuka u knbepHetuka. 2012. 2. C. 44-51.

4. Caprcan B.T. O uucne mHoxecTB, k-cBOBOJHbIX OT HyNA, B rpynnax NpocToro nopagka //
C6opHuK cTaTeil monofbix y4éHbIx dhakynbTeta BMK MIY. 2012. 9. C.154-172.

5. Caprcan B.T. O uncne mHoxects, cBo60oAHbIX OT HyAA, B rpynnax NpocToro nopapka//
Matepuanbi XI MexpyHapogHoro cemnHapa «[luckpeTHaa matemaTuka 1 €€ NpunoMeHns».
Cekumna «KombrHaTopHbIii aHanns». 18-23 ntoHa, Mocksa, MI'Y M. B. JlomoHocoBa. M.:
M3p-Bo mexaHnKo-maTemaTnyeckoro cakynbteta MIY, 2012. C. 266-269.

6. Caprcan B.T. O uucne k-cymm B rpynnax npoctoro nopsagka// [uckpetHas matemaTuka.
2012. 24(3). C.25-38.

7. Sargsyan V.G. Counting (k,)-sumsets in groups of a prime order// Acta Universitatis
Sapientiae, Informatica. 2012. 4(1). P. 33-47.

8. Caprcan B.T. Konuuectso (k,l)-cymm B rpynnax npoctoro nopanka// C6opHuK Tesncos
XIX MexayHapopHoii Hay4Holi KOH(pepeHL MM CTyeHTOB, acnnpaHToOB 1 MONOAbIX Y4EHbIX
«JlomoHocos - 2012». Cekuma «BblumcnutenbHaa matematvka u KubepHeTukar». 9-13
anpens, Mockea, MI'Y M. B. JlomoHocoBa. M.: MAKCIpecc, 2012. C.105.

9. Caprcan B.T. O makcumanbHoii MolHOCTU MHOMecTBa, (k,[l)-cBO6OfHOrO OT Cymm, B
abeneBoii rpynne // ypHan BbIYMCAUTENBHOW MaTeEMaTWKM U MaTeMaTUYECKOW (PU3MKK.
2013. 53(1). C.154-162.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Caprcan B.T. O makcumanbHo MOLLHOCTM MHOMECTBa, k-CBOBOHOMO OT Hyns, B abeneBoii
rpynne // nckpeTHbiii aHanu3 u uccneposaHue onepaunii. 2013. 20(3). C. 45-64.
Caprcan B.T. Yucno pasHocrteii B rpynnax npoctoro nopsaaka // [luckpetHaa matematuka.
2013. 25(1). C.152-158.

Caprcan B.T. AcumntoTuka norapudma umcna MHOMECTB, CBOOOAHbIX OT pelueHuit
NUHelHbIX ypaBHeHuWidi, B abenesoii rpynne// Matepuanbl XVII  MempyHaponHoii
KoHdpepeHumn «Ipobnembl TeopeTuyeckoit knbepHetnkn». 16-20 nroHa, KasaHb. KaszaHb:
M3p-Bo «OTtevectson», 2014. C. 250-252.

Caprcan B.T. AcumntoTuka norapudpma ymcna MHOMECTB, (k, 1)-cBOBOAHbBIX OT CYyMM,
B abenesoii rpynne // AuckpetHaa matematuka. 2014. 26(4). C. 91-99.

Sargsyan V. G. Zero-free sets in Abelian groups // Mathematical Problems of Computer
Science. 2014. 42. P. 5-16.

Caprcan B.T. AcumntoTuka norapudma uMcna MHOMECTB, CBOOOAHbIX OT pelueHwuit
NUHelHbIX ypaBHeHWi, B abeneBoii rpynne// MemxpyHapogHaa koHdepeHuma «KPOMLL-
2014». XXV Kpbimckaa OceHHAa Matematnueckas LLkona-Cumnosuym no cnektpanbHbIM
1 3BOMOLMOHHBIM 3afadam. Tesucbl foknagos. 21-30 ceHtabpsa, r. Cypak, Poccuiickas
Pepepaumna.— Cumdeponons: THY, 123c. 2014. C.109-110.

Caprcan B.T. Yucno cymm n pasHocreii B abenesoit rpynne// JluckpetHblii aHanus u
uccneposaHue onepauuii. 2015. 22(2). C.73-85.

Caprcan B.T. Ouenkn uncna (k,l)-cymm B KoHeuHoii abenesoii rpynne// LuckpetHas
matematmka. 2016. 28(2). C.71-80.

Caprcan B.T. Yucno cymm u pasHocteii B AbeneBbix rpynnax// Matepuanbr XVIII
MexpyHaponHoii koHdbepeHumn «MMpobnembl TeopeTuyecKoii knbepHeTukm». 19-23 utoHs,
MNeHsa. Matepuansbi: Mop pepakuueii F0.U. Mypasnesa. — M. : MAKC [pecc, 2017. C. 220-
223.

Caprcan B.T. Yucno cymm u pasHocteli B Abenesbix rpynnax// "MatemaTuka B
coBpemeHHoM mupe". Tesucbl paoknagos MexpyHapoaHOi KOHdbepeHLMU NOCBALLLEHHOI
60-netuto Muctutyta matematmknm um. C.JI. CoboneBa. Hosocubupck, Poccusa, 14-19
aBrycta 2017.- 453c. Usp-Bo MHctutyTa matematukm, np. Akapemuka Kontiora, 4,
630090 Hosocwnbupck, Poccus.

CanoxeHko A.A., CaprcaH B.T. Yucno cymm B AbeneBbix rpynnax// Tpyabl X
MesxayHapopHoili KoHtpepeHuMn «[JucKpeTHble Mofienu B TEOPUN YNPaBAAOLLUX CUCTEM.
23-25 mas, Mocksa u Mogmockosbe, MY um. M. B. JlomoHocosa. M.: MAKCTlpecc, 2018.
C.237-240.

Canoxetko A.A., CaprcaH B.[. Yucno cymm B abenesoit rpynne// [uckpeTHas
matematuka. 2018. 30(4). C. 96-105.

CanosxeHko A. A., Caprcan B.T. AcumnTtoTuka norapudpma umncna Habopos, k-cBobogHbIX
OT peLUeHuii, B abenesbix rpynnax // OuckpetHaa maTtematvka. 2018. 30(3). C.117-126.



23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Canosxenko A. A., Caprcan B.T. Yucno k-cymm B abenesoii rpynne // [luckpetHbiii aHann3
u uccnepoaHune onepaumii. 2018. 25(4). C. 97-111.

Canoxenko A.A., Caprcan B.[. Acumntotka norapucpma uyucna Habopos, (k,1)-
cBOGOAHbIX OT peLLeHnii, B OTpe3ke HatypanbHbix uucen// LWCKpeTHbIli aHanusz u
nccneposanue onepaumii. 2019. 26(2). C.129-144.

Sargsyan V. Asymptotics for the Logarithm of the Number of k-Solution-Free Collections
in Abelian Groups // Computer Science and Information Technologies. Armenia, Yerevan,
September 27 - October 1, 2021, P.75-77.

Caprcan B.I'. AcumnToTtuka norapudma yncna Habopos, (k, 1)-cBob6oAHbIX OT peLleHuit, B
oTpe3Ke HaTypanbHbIx Yncen // Matepuansi XIV MexpayHapogHoro cemuHapa « [luckpetHas
maTemaTika U e€ npunomeHua». Cekuna «KombuHatopHblii aHanus». 20-25 uioHs,
Mocksa, MI'Y M.B. Jlomonocosa. M.: UMM um. Kengpiwa, 2022. C.166-168.

Sargsyan V. Asymptotics for the logarithm of the number of k-solution-free collections in
Abelian groups // AIP Conference Proceedings 2757, 040006 (2023).

Sargsyan V. Maximal k-Sum-Free Collections in an Abelian Group // Pattern Recognition
and Image Analysis, 2024. 34(1). P. 40-48.

Caprcan B.I. MakcumanbHble Habopbl, k-ceobopHblie oT cymm, B abenesoit rpynne //
Matepuanbl XX MexpayHapopnHoii  KoHdpepeHuun  «[lpobnembl  TeopeTuyeckoid
KnbepHeTukm». 5-8 pekabpa 2024, Mockea. KonnekTtus astopos, 2024, 2025. MAKC
Mpecc, 2025. C. 117-119.

Sargsyan V., Mkrtchyan G., Saroyan E. and Aslanyan L. Analysis of deformable and classic
convolution in the classification of radio-frequency images // International Conference on
Advanced Sensing and Intelligent Systems (ICASIS 2025). 2025. 13808. P. 40-57. doi:
10.1117/12.3077021

Sargsyan V., Mkrtchyan G., Saroyan E., Aslanyan L. Analysis of Convolutional Networks in
The Classification of Radio-Frequency Images // Pattern Recognition and Image Analysis.
2025. 35(4). P. 917-928. doi: 10.1134/S1054661825700737

Sargsyan V., Mkrtchyan G., Saroyan E., Aslanyan L. Analysis of Deformable Convolutional
Networks in the Classification of Radio-Frequency Images // Pattern Recognition and Image
Analysis. 2025. 35(4). P. 929-939. doi: 10.1134/S1054661825700749

Sargsyan V., Mkrtchyan G., Saroyan E., Aslanyan L. Perturbation-Based Analysis of the
R(2+1)D Network and a Deformable Extension for Radar-Frequency Image Classification
/I Pattern Recognition and Image Analysis. 2026. 36(1). P. 90-109. doi:
10.1134/S1054661825701330


https://doi.org/10.1117/12.3077021
https://doi.org/10.1117/12.3077021

Bare I'. CaprcsaH

Ha6opbi, cBo6oaHbIE OT NMHEITHbIX COOTHOLLEHUi, B o6nacTu gucKkpeTHoro
Mo eNnMpoBaHus
PE3IOME

[nccepTauma noceALlleHa W3y4YeHWtO anrebpanyeckumx CTPYKTYp C onpegeneHHbIMU
orpaHuyeHuamu. B uyacTHocTM, ObinM uMccnefoBaHbl MHOMECTBA U Habopbl MHOMECTB, He
COAepKaLLMe peLleHnil NMHelHbIX ypaBHeHW ¢ Koadpdpuumentamn 1 n -1. Takne MHoMecTBa U
Habopbl Mbl 6yfem HasbiBaTb cBo6oAHbIe oT cyMM. B paboTte matematnyeckn obocHoBbIBaeTCA,
4YTO MHOMECTBO, CBODOAHOE OT CyMM, He MOMET ObiTb cnyyaiiHbim (Bce nocnepytoLve
YTBEPMOEHUA BEPHbI TakMe AnA Habopos, cBOOOAHbIX OT cymm). [okasaHo, 4TO cTapLUWii YneH
npeobpasoBaHna Pypbe XxapaKTEPUCTUYECKOW (PYHKLMM MHONKECTBa, CBODOJHOrO OT CymM,
npencraenAet coboit foctatoyHo bonbluoe Yncno. A ecnn bbl MHOMKECTBO, CBODOJHOE OT CyMM,
6b110 cnyyaiiHbiM, TO HeHyneBble KoaduLMeHTbl Pypbe ero xapakTepucTuyeckoi dyHKLUM
6b1n1 6b1 OYeHb Manbl U He cMorin Bbl «0BbHYIMTby cTapLumnii YneH. CnefoBaTtenbHO, MHOMKECTBO,
cBobofHOe OT CymM, 0bA3aTenbHO MMeeT HeHyneBble Gonblune KoabpuumeHTbl Pypbe, YTO
O3HayaeT, YTO OHO obnajaeT CTPOro onpefeneHHON NepuvoAnyecKkoil cTpykTypoil. YTo 310 3a
CTPYKTypbl: MHoxecTBo Bopa — 0AHO M3 OCHOBHbIX MOHATWIA afAWUTUBHON KOMOWHATOPUKM,
KOTOpOE BbICTYNaeT B KadyecTBe «06o6LLeHHOM» Bepcun nogrpynnbl. Bes muoxects Bopa Ham
npuwnock 6bl paboTatb TONbKO € MoArpynnamu. Ho MocKonbKy MOArpynnbl CyLLECTBYHOT He
Bcerpa, MHoxecTBa bopa 3ameHatoT nogrpynnbl. OHKU NMO3BONAIOT HaM CKa3aTb: «TO MHOMECTBO,
cBobofHOe OT cymm, NofobHO apudMeTUyecKoil nporpeccuu», rpe 3Ta nporpeccua —
npocTeiiliee mMHoxecTBo Bopa. MHoxecTBa Bopa no3BonAtoT Ham BbIMOJHATE MOYTU Te Xe
BbIYMCNEHWA, YTO U C MOATpynnamMu, Ho ¢ 6onblueii rbKocTbto. Tam, rae ecTb NOArpynmbl, OHO
MOMeT COBMajaTb C HAMU, a TaM, Te UX HET, OHO CO3[aeT «MofOOHYI0 Moarpynne» CTPYKTypy.
MpuUmeHAA «rpaHyNALMIO» K MHOMECTBY, CBOGOLHOMY OT CyMM, Mbl A€M BCHO FPYMy Ha CMeXHble
Knaccbl onpeeneHHbIx MHOxecTB Bbopa. ITu cmeMHble Knaccbl — Halum rpaHynbl. [paHynAauua
rapaHTupyet, 4To Nntoboe [OCTAaTOYHO 6OMbLLIOE MHOKECTBO, CBOOOAHOE OT CYMM, Kamfplii 13
CMEMHbIX KNnaccoB MHOMecTBa bopa nMbo «MoyTV» MOMHOCTbIO 3anonHAeT ero, NMMHO ocTaBNAET ero
«MoYTU» MycTbIM. TaKoii noaxofd NO3BONAET HaM MepeBecT MpobieMy Ha «KBaHTOBaHHbIN»
YPOBEHb, TO €CTb Mbl boMblLUe HE paccMaTpyBaeM OTAENbHble 3NEMEHTbI, @ TO, KakMe CMeHbIe
Knaccbl «BK/OYeHbI». AHanM3npya KoaddpuumeHTbl Pypbe, Mbl MONyyaem, YTO YUCNO peLleHuii
ypaBHEHUA 3aBUCUT TONBKO OT CTPYKTYPHOI (rpaHyiMpoBaHHOM) YacTy MHoxecTBa. [ paHynauusa

LOKasbIBaeT, YTO [JOCTaTOYMHO 60MblUME MHOMECTBA, CBOOOAHbIE OT CYyMM, HE MOryT ObiTb



PacceAHHbIMU MMM XaOTUHECKUMM — OHW BCErfa [OMKHbl COYETaTbCA C OMpeAeneHHbIMM
MHoxecTBamu Bopa, 4To npupaet um nepuoamnyeckyto cTpykTypy. bnarogapa atomy pasnoxeHuio
Mbl MOKasanu, 41o noboe OonbluOoe MHOMKECTBO, CBOOOAHOE OT CymMM, MOMeET ObiTb
«armnpoKCUMMPOBaHO» OYeHb MPOCTOIl CTPYKTypoii — mogenbto MHoxecTBa bopa. OnucaHHbIi
Bblle MeTop, byeT Ha3blBaTbCA 0OOOLLEHHBIM METOAOM FpaHy”.

O606LLeHHbIIi METOf, FpaHyn MO3BOAMA MOAYYNTb aCUMMTOTUYECKME OLEHKM Yucna
MHOMeCTB, CBOOOAHbIX OT cymMm, B abenesoil rpynne W B HayalbHOM WHTEpBaje HaTypanbHbIX
uucen. Bbinu nonyyeHb! BEpXHUE N HUKHUE OLLEHKN MOLLHOCTU MHOMECTBa, CBOOOAHOIO OT CyMM,
MaKcMManbHoOl Mo MOLLHOCTU (MO BKIOYEHUIO) ANA NPOU3BO/bHOW abenesoii rpynnbl, a Takme
TOYHaA OLEHKa ANA LMKANYECKNX rpynn. DTu OLEHKM bbian nonyyeHbl B pesynbTate NPUMEHeHNA
pasNn4HbIX METOLOB afAUTUBHOW KoMOUHaTOopuKK. OnncaHa CTPyKTypa MHOMECTB, CBOBOHbIX OT
CyMM, MaKkCMMasIbHOIA MO MOLLLHOCTM (MO BK/IOYEHUIO) B MPOM3BONbHOI abenesoii rpynne. Takie
U3y4yeHbl MHOMECTBA, CBOOOLHOrO OT CYMM, COCTOALLME W3 apucpMETUYECKMX MpOrpeccuin ¢
OJMHaKOBOW pasHOCTblo. [lNA TakMX MHOMECTB MOflyYeHa TOYHaA OLEHKa MaKCUManbHOM
MOLLIHOCTU B LMKAMYecKnx rpynnax. Bropaa 4acTb paboTbl MOCBALLEHa M3YHEHWUIO MHOMECTB,
MpeAcTaBMMbIX B BUAE CYMMbl U Pa3sHOCTU NoAMHoMecTs B abenesoii rpynne. BepxHue oueHkm
yMcna TakMX MHOMECTB ObliM  MoNyYyeHbl C  MOMOLLbIO 0606LLEHHOrO MeToja rpaHy”,
pa3pabotaHHOro AnA HabopOB MHOMECTB. A HUMHME OLEHKM YUCNa TakUX MHOMECTB Oblau
MonyyYeHbl NyTeM NOCTPOEHUA BOMbLLOIO YNCNA MHOMKECTB.

OTMeTMM OJHO W3 MPUMEHEHWUI MHOMKecTB, CBOOOAHbIX OT Cymm — npobnemy
nHTepdepeHunn. B anekTpoHHbIX ycTpoiicTBax, 0cobeHHO npu 6OMbLUMX Harpy3kax W BO Bpems
paboTbl B aBapuilHbIX CUTyaLMAX, FEHEPUPYIOTCA [OMOMHUTENbHbIE HEMenaTeNbHble 4acToTbl.
Ecnu f u g — paboume yacToTbl ycTpoiicTBa, TO Npy paboTe B HENMHEKHBIX CUCTEMAX BO3HUKAOT
curHanbl TMna f + g. AHanorMyHoe cMeLLeHne YacToT MPOUCXOLUT Ha NMPUEMHbIX CTaHLUMAX, rae
HeobXoAMMO OTAMYaTb MpuHUMaemoe cooblleHne oT cmecu. B cnyvasx, korpa konuyectso
YYaCTHUKOB CBA3W BEANKO U HEOBXOAMMO BbIAENUTb KaMAOMY M3 HUX 4acTOTbl, CBODGOAHbIE OT
CyMM, BaHO 3HaTb KONMYECTBO TaKMX MHOMECTB M yMETb pa3fenuTb UX Ha COOTBETCTBYOLLME
yacTu. JTa YacTb MCCNefoBaHUA B JaHHOI paboTe cBA3aHa C BHYTPEHHUM YCTPOICTBOM pajapos

1M pagmMo4actoTHbIM MOHUTOPUHIOM C YHaCTUEM pafapos.
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Linear Relationship-Free Sets in the Domain Discrete Modeling

ABSTRACT

The thesis is devoted to the study of algebraic structures with certain limitations. In
particular, sets and collections of sets that do not contain solutions of linear equations with
coefficients 1 and -1 were investigated. Such sets and collections are referred to as sum-free. This
work provides a mathematical justification that a sum-free set cannot be random (all subsequent
statements are also true for sum-free collections). It is shown that the leading term of the Fourier
transform of the characteristic function of a sum-free set is significantly large. If a sum-free set
were random, then the nonzero Fourier coefficients of its characteristic function would be very
small and would not be sufficient to cancel out the leading term. Consequently, a sum-free set
must necessarily possess nonzero large Fourier coefficients, which implies that it possesses a well-
defined periodic structure.

We now describe these structures. A Bohr set is one of the fundamental concepts in additive
combinatorics, serving as a “generalized” version of a subgroup. Without Bohr sets, we would be
restricted to working only with subgroups. However, since subgroups do not always exist, Bohr
sets serve as their substitutes. They allow us to say: “This sum-free set resembles an arithmetic
progression,” where such a progression represents the simplest example of a Bohr set. Bohr sets
enable us to perform almost the same computations as with subgroups, but with greater flexibility.
Where subgroups exist, a Bohr set may coincide with them; where they do not, it provides a
“subgroup-like” structure.

By applying granulation to a sum-free set, we partition the entire group into cosets of
certain Bohr sets. These cosets constitute our “granules.” Granulation ensures that, for any
sufficiently large sum-free set, each coset of the Bohr set either “almost” completely fills the set
or remains “almost” empty. This approach allows us to transfer the problem to the "quantized"
level: that is, instead of considering individual elements, we analyze which cosets are “included”.

By analyzing the Fourier coefficients, we conclude that the number of solutions to the
equation depends solely on the structural (granulated) component of the set. Granulation for sum-
free sets demonstrates that such sets cannot be scattered or random: rather, they must necessarily
align with certain Bohr sets, which endows them with a periodic structure.

Using this decomposition, we demonstrate that any large sum-free set can be
approximated by a very simple structure — namely, a Bohr set model.



The method described above we refer to this as the generalized granulation method.
The generalized granulation method allows us to obtain asymptotic estimates for the number of
sum-free sets in abelian groups and in initial interval of the natural numbers. Upper and lower
estimates have been established for the maximal by cardinality (by inclusion) of sum-free sets in
arbitrary abelian groups, as well as exact estimate in the case of cyclic groups. These results were
obtained through the application of various methods from additive combinatorics.

The structure of sum-free sets of maximal by cardinality (by inclusion) in an arbitrary
abelian group is also described. In addition, sum-free sets consisting of arithmetic progressions
with a common difference have been studied. For such sets, an exact estimates on the maximum
cardinality has been obtained in cyclic groups.

The second part of this thesis is devoted to the study of sets representable as sums and
differences of subsets in an abelian group. Upper estimates on the number of such sets were
derived using the generalized granulation method developed for collections of sets, while lower
estimates obtained via explicit constructions of a large number of such sets.

We also highlight an application of sum-free collections to the problem of interference.
In electronic devices, particularly under heavy load or during fault conditions, additional unwanted
frequencies are generated. If f and g are operating frequencies of a device, then in nonlinear
systems signals of the form f + g arise when the frequencies are appropriately chosen. In
situations where the number of communication participants is large and it is necessary to assign
to each of them frequencies that are sum-free, it becomes important to determine the number of
such sets and to be able to partition them appropriately. This part of the study is related to the

internal functioning of radar systems and to radio-frequency monitoring involving radar

S

technologies.
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